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Chapter 1

First-Order Differential
Equations

1.1 Terminology and Separable Equations

1. The differential equation is separable because it can be written

dy
2
= =4
dx “

or, in differential form,

3y% dy = 4z dx.
Integrate to obtain

y3 =222 + k.

This implicitly defines a general solution, which can be written explicitly
as
y = (23’;2 + k‘)l/3,

with k& an arbitrary constant.
3. If cos(y) # 0, the differential equation is

y _ sin(z+y)
dx cos(y)
sin(z) cos(y) + cos(z) sin(y)
cos(y)
= sin(z) 4 cos(z) tan(y).

There is no way to separate the variables in this equation, so the differen-
tial equation is not separable.
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2 CHAPTER 1. FIRST-ORDER DIFFERENTIAL EQUATIONS

5. The differential equation can be written

2y

dz ’

or 1 1
— — _dy=—du,

y(y — 1) x

and is therefore separable. Separating the variables assumes that y # 0
and y # 1. We can further write

1 1 1
(D= La
y—1 gy x

Injly—1|—In|y| =n|z| + k.

Integrate to obtain

Using properties of the logarithm, this is

In || =k
LY
Then
y—1
= C’
Yy
with ¢ = e* constant. Solve this for y to obtain the general solution
1
LA

y = 0 and y = 1 are singular solutions because these satisfy the differential
equation, but were excluded in the algebra of separating the variables.

7. The equation is separable because it can be written in differential form as

i 1
sin(y) dy = —dx.

cos(y) x

This assumes that = # 0 and cos(y) # 0. Integrate this equation to obtain
—In|cos(y)| = ln|x| + k.
This implicitly defines a general solution. From this we can also write
sec(y) = cx

with ¢ constant.

The algebra of separating the variables required that cos(y) # 0. Now
cos(y) = 0ify = (2n+1)7/2, with n any integer. Now y = (2n+1)7/2 also
satisfies the original differential equation, so these are singular solutions.
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1.1. TERMINOLOGY AND SEPARABLE EQUATIONS 3

9. The differential equation is

dy - .
— =€ —y+sm(y),
. y ()
and this is not separable. It is not possible to separate all terms involving

x on one side of the equation and all terms involving y on the other.

11. If y # —1 and = # 0, we obtain the separated equation

y2

y+1

1
dy = — dx.
x

To make the integration easier, write this as

1 1
14— ) dy = - da.
e K

Integrate to obtain

1
§y2—y+ln|1—|—y|=ln|x|+c.

This implicitly defines a general solution. The initial condition is y(3e?) =
2, so put y = 2 and x = 3e? to obtain

2 -2+ 1n(3) = In(3e?) +c.

Now
In(3e?) = In(3) + In(e?) = In(3) + 2,
SO
In(3) =In(3) +2 +c.
Then ¢ = —2 and the solution of the initial value problem is implicitly
defined by

1
§y2—y+ln\1+y|:ln|x|—2.

13. With In(y®) = 2 In(y), we obtain the separated equation

1
Ill(/y) dy = 3z dx.

Integrate to obtain

(In(y))? = 32% +c.
For y(2) = €3, we need

(In(e))* = 3(4) +c,

or 9 =12 4 ¢. Then ¢ = —3 and the solution of the initial value problem
is defined by
(In(y))* = 32 — 3.
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4 CHAPTER 1. FIRST-ORDER DIFFERENTIAL EQUATIONS

Solve this to obtain the explicit solution

y=e 3(z2-1)

if |z > 1.
15. Separate the variables to obtain
ycos(3y) dy = 2x dzx.
Integrate to get

1 1
3Y sin(3y) + g cos(3y) = 2% + ¢,

which implicitly defines a general solution. For y(2/3) = 7/3, we need

1 1 4
il sin(m) 4+ = cos(m) = = +c.

33 9 9
This reduces to
14
9 9 7
so ¢ = —5/9 and the solution of the initial value problem is implicitly
defined by
Lysin(3y) + 5 cos(3y) = a7 —
—ysin - =x°— =
5¥sin(3y) + g cos(3y) =z 9’
or

3ysin(3y) + cos(3y) = 92 — 1.

17. Suppose the thermometer was removed from the house at time ¢ = 0, and
let T'(t) be the temperature function. Let A be the ambient temperature
outside the house (assumed constant). By Newton’s law,

T'(t) = k(t — A).

We are also given that T'(0) = 70 and 7'(5) = 60. Further, fifteen minutes
after being removed from the house, the thermometer reads 50.4, so

T(15) = 50.4.
We want to determine A, the constant outside temperature. From the
differential equation for T,

1

dl' = kdt.
T-A

Integrate this, as we have done before, to get
T(t) = A+ cett.

Now,
T0)=70=A+c,
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1.1. TERMINOLOGY AND SEPARABLE EQUATIONS )
so ¢ =70 — A and
T(t) = A+ (70 — A)e*".
Now use the other two conditions:
T(5) = A+ (70 — A)e’* = 15.5 and T(15) = A + (70 — A)e'* = 50.4.
From the equation for T'(5), solve for €% to get

65,_6()—,4
T 00— A

15k _ (5k3_ (60— A ’
e (c )(ﬂ%_A)

Substitute this into the equation T'(15) to get

Then

60 — A\®
(70—A)<70_A) —50.4 — A.

(60 — A)® = (50.4 — A)(70 — A)2.

Then

The cubic terms cancel and this reduces to the quadratic equation
10.4A% — 1156 A + 30960 = 0,

with roots 45 and (approximately) 66.15385. Clearly the outside temper-
ature must be less than 50, and must therefore equal 45 degree.

19. The problem is like Problem 18, and we find that the amount of Uranium-
235 at time t is

)

1)t/(4.5<109))

U(t) = 10 <2

with ¢ in years. Then
1/4.5
U(10%) = 10 (2> ~ 8.57 kg.

21. Let -
I(z) = / e @/ gy
0

The integral we want is I(3). Compute
I'(z) = —21:/ —2e_t2_(m/t)2 dt.
O t
Let u=z/t, so t = x/u and

dt = —— du.

© 2018 Cengage Learning. All Rights reserved. May not be scanned, copied or duplicated, or posted to a publicly accessible website, in whole or in part.



6 CHAPTER 1. FIRST-ORDER DIFFERENTIAL EQUATIONS

Then
O —
= _9¢ ( ) —(x/u)?—u? d
=—2I(x
Then I(x) satisfies the separable differential equation I' = —2I, with

general solution of the form I(x) = ce=2*. Now observe that

I(O):/ e_tht:ﬁ:q
O 2

in which we used a standard integral that arises often in statistics. Then

I(z) = ge_z”.

Finally, put x = 3 for the particular integral of interest:

1) = [ et = YEe,
0

23. With a and b as given, and pg = 3,929,214 (the population in 1790), the
logistic population function for the United States is

123,141.5668 0.03134t

P t = - 5
(1) = 503071576577 + 0.0006242342283¢0 051547 ©

If we attempt an exponential model Q(t) = Ae**, then take A = Q(0) =
3,929, 214, the population in 1790. To find k, use the fact that

Q(10) = 5308483 = 3929214¢'0%

and we can solve for k to get

1 4
J— < 5308483

o 3929214> ~ 0.03008667012.

The exponential model, using these two data points (1790 and 1800 pop-
ulations), is
Q(t) = 3929214¢0-03008667012¢,

Table 1.1 uses Q(t) and P(t) to predict later populations from these two
initial figures. The logistic model remains quite accurate until about 1960,
at which time it loses accuracy quickly. The exponential model becomes
quite inaccurate by 1870, after which the error becomes so large that it
is not worth computing further. Exponential models do not work well
over time with complex populations, such as fish in the ocean or countries
throughout the world.
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1.1. TERMINOLOGY AND SEPARABLE EQUATIONS

year
1790
1800
1810
1820
1830
1840
1850
1860
1870
1880
1890
1900
1910
1920
1930
1940
1950
1960
1970
1980

© 2018 Cengage Learning. All Rights reserved. May not be scanned, copied or duplicated, or posted to a publicly accessible website, in whole or in part.

population
3,929,213
5,308,483
7,239,881
9,638,453
12,886,020
17,169,453
23,191,876
31,443,321
38,558,371
50,189,209
62,979766
76,212,168
92,228,496
106,021,537
123,202,624
132,164,569
151,325,798
179,323,175
203,302,031
226,547,042

P(t)
3,929,214
5,336,313
7,228,171
9,757,448

13,110,174
17,507,365
23.193,639
30,414,301
39,374,437
50,180,383
62,772,907
76,873,907
91,976,297
107,398,941
122,401,360
136,329,577
148,679,224
150,231,097
167,043,428
174,940,040

percent error
0

0.52
-0.16
1.23
1.90
2.57
0.008
-3.27
2.12
-0.018
-0.33
0.87
-0.27
1.30
-0.65
3.15
-1.75
-11.2
-17.39
-22.78

Qt)
3,929,214
5,308,483
7,179,158
7,179,158

13,000,754
17,685,992
23,894,292
32,281,888
43,613,774
58,923,484
79,073,491
107,551,857
145,303,703
196,312,254

Table 1.1: Census data for Problem 23

percent error
0

0
-0.94
0.53
1.75
3.61
3.03
2.67
13.11
17.40
26.40
41.12
57.55
83.16




8 CHAPTER 1. FIRST-ORDER DIFFERENTIAL EQUATIONS

1.2 The Linear First-Order Equation

1. With p(z) = —3/z, and integrating factor is

ef(—?)/m) dr _ 6—31n(a:) _ (E_?)

for > 0. Multiply the differential equation by =3 to get

73y — 3zt =271,
or p )
A3, 2
27y = -

Integrate to get
73y = 2In(z) + ¢,

with ¢ an arbitrary constant. For x > 0 we have a general solution
y = 22° In(x) + cz.

In the last integration, we can allow x < 0 by replacing In(z) with In |z
to derive the solution
y =22 In |z| + c2®

for x # 0.
3. ef 24z — 22 jg ap integrating factor. Multiply the differential equation by
2z
e’
y/er + 2y62x _ x62x7
or

(Ewa)/ _ (E62w.

Integrate to get

1 1
e2zy — 5.%‘621 _ Z€2m +e.
giving us the general solution
1 1
y=—-r—~+ce

2 4

5. First determine the integrating factor
ef —2dz _ e—2z.

Multiply the differential equation by e~2% to get
(672xy)/ _ 781172672‘70.
Integrate to get

e 2y = /—83:26_29” de = 42272 + dxe ™ £ 272 4 ¢.

This yields the general solution
y = 4a? + 4z + 2 + ce**.

© 2018 Cengage Learning. All Rights reserved. May not be scanned, copied or duplicated, or posted to a publicly accessible website, in whole or in part.



1.2. THE LINEAR FIRST-ORDER EQUATION 9
7. x — 2 is an integrating factor for the differential equation because
ef(l/(a:—Q)) dx _ eln(z—?) — 7 —9.

Multiply the differential equation by = — 2 to get

((z —2)y) = 3z(z — 2).

Integrate to get
(r —2)y =2 —32° +¢.

This gives us the general solution

(z% — 322 + ).

y:x—Q

Now we need
y(3) =27 —-27+ c =4,

so ¢ = 4 and the solution of the initial value problem is

1

I_Q(x3—3x2+4).

y:

9. First derive the integrating factor

eJ 2/ (@ +1))dz _ 2In(a+1) _ eln((a:+1)2) =(z+ 1)2‘
Multiply the differential equation by (x + 1)? to obtain
((z+1)%y) =3z +1)%
Integrate to obtain
(z+1)%y=(z+1)>+c
Then ¢
—rtlt—.
y=x+1+ @+ 1?2
Now
y(0)=14c¢c=5

so ¢ = 4 and the initial value problem has the solution

= 1+ ———.
y=uz+ +(x+1)2

11. Let (z,y) be a point on the curve. The tangent line at (z,y) must pass
through (0,2x?), and so has slope

,y—22°
y=—7
x

© 2018 Cengage Learning. All Rights reserved. May not be scanned, copied or duplicated, or posted to a publicly accessible website, in whole or in part.



10 CHAPTER 1. FIRST-ORDER DIFFERENTIAL EQUATIONS

This is the linear differential equation

, 1
Yy — —y=—2x.
x

An integrating factor is

e~ S z)dz _ e—ln(z) _ eln(l/w) —

8 |

so multiply the differential equation by 1/x to get

1, 1
T py="%
This is ,
1
() -
T
Integrate to get
1
—y=—-2r+c.
x

Then
y = —22% + ez,

in which ¢ can be any number.

13. Let A;(t) and Az(t) be the number of pounds of salt in tanks 1 and 2,
respectively, at time ¢. Then

_ 5A1(t)A1(0) =90

a0 =5 - 23

| Ot

and
54 5As()

AS(t) =
2= 50 150
Solve the linear initial value problem for A;(¢) to get

Aq(t) = 50 — 30e~1/20,

: A5 (0) = 90.

Substitute this into the differential equation for As(t) to get
1 5 3

Ay 4+ Ay == — eV 45(0) = 90.
b+ gpda =5 = 5e7 " 4x(0) = 90

Solve this linear problem to obtain
Ag(t) = 75 4 90e /20 — 75¢74/30,
Tank 2 has its minimum when A% (¢) = 0, and this occurs when
2.5¢ /30 — 4.5¢74/20 = 0.
This occurs when e!/%0 = 9/5 or t = 601n(9/5). Then

5450

A2(t)min = A2(60 111(9/5)) =<7

pounds.
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1.3. EXACT EQUATIONS 11

1.3 Exact Equations

In these problems it is assumed that the differential equation has the form
M(z,y) + N(z,y)y’ =0, or, in differential form, M (x,y)dx + N(z,y) dy = 0.

1. With M(z,y) = 2y* + ye®¥ and N(x,y) = 4zy + xe® + 2y. Then

ON oM

— =4y + " + zye™Y = —

ox 4 4 Jy
for all (x,y), so the differential equation is exact on the entire plane. A
potential function ¢(z,y) must satisfy

%z = M(z,y) = 2% + ye*

and
9 _
oy
Choose one to integrate. If we begin with d¢p/0x = M, then integrate
with respect to x to get

N(z,y) = dzy + xe® + 2y.

o(z,y) = 2zy° + €Y + a(y),

with a(y) the “constant” of integration with respect to z. Then we must

have

0
a—w = 4zy + xe® + o/ (y) = day + ze™¥ + 2y.
Yy

This requires that o (y) = 2y, so we can choose a(y) = y? to obtain the
potential function
plx,y) = 2ay® + ™ + y2.

The general solution is defined implicitly by the equation
20y° + e +y* =c,,
with ¢ an arbitrary constant.

3. OM /0y = 4x + 22® and ON/dx = 4x, so this equation is not exact (on
any rectangle).

5. OM/0y =1 = ON/Oz, for x # 0, so this equation is exact on the plane
except at points (0,y). Integrate dp/dx = M or Op/dy = N to find the
potential function

p(z,y) =Inlz| + 2y +y°

for z # 0. The general solution is defined by an equation

In|z| +zy + 95 = k.

© 2018 Cengage Learning. All Rights reserved. May not be scanned, copied or duplicated, or posted to a publicly accessible website, in whole or in part.



12 CHAPTER 1. FIRST-ORDER DIFFERENTIAL EQUATIONS

7. For this equation to be exact, we need

oM ON
— =6xy? -3 = — = -3 — 20a7°.
9y Ty o axy
This will be true if « = —3. By integrating, we find a potential function

p(z,y) = 2%y — 3zy — 3y°
and a general solution is defined implicitly by

22y3 — 3y — 32 = k.

9. Because OM /0y = 12y* = ON/Ox, this equation is exact for all (z,y).
Straightforward integrations yield the potential function

p(z,y) = 3ay" — .
A general solution is defined implicitly by
eyt —x =k.

To satisfy the condition y(1) = 2, we must choose k so that

48 -1 =k,
so k = 47 and the solution of the initial value problem is specified by the
equation
3zyt — x = 47.
In this case we can actually write this solution explicitly with y in terms
of x.
11. First,
oM ON
— = —2xsin(2y —x) —2cos(2y — ) = —,
a9y (2y — @) 2y —2) = -~
so the differential equation is exact for all (z,y). For a potential function,
integrate
Op
— = —2xcos(2y — x
9y (2y —x)

with respect to y to get
o(z,y) = —zsin(2y — ) + c(x).
Then we must have

9

o " cos(2y — xz) — sin(2y — x)

= zcos(2y — x) — sin(2y — x) + ' (z).

© 2018 Cengage Learning. All Rights reserved. May not be scanned, copied or duplicated, or posted to a publicly accessible website, in whole or in part.



1.3. EXACT EQUATIONS 13

Then ¢/ (x) = 0 and we can take ¢(z) to be any constant. Choosing c(x) =0
yields
o(z,y) = —zsin(2y — z).
The general solution is defined implicitly by
—zsin(2y — x) = k.
To satisfy y(7/12) = /8, we need

™ .
1 sin(m/6) = k,

so choose k = —m/24 to obtain the solution defined by

™

—rsin(2y — ) = ——
xsin(2y — x) 2
which of course is the same as

xsin(2y —x) = %

We can also write

1 . 0
Yy = 3 (m + arcsin (%))
for x # 0.
13. ¢ + c is also a potential function if ¢ is because
Jp _ O(p+c)
oxr Oz
and
Jp _d(p+o)
gy oy
The function defined implicitly by
plz,y) =k
is the same as that defined by
oz, y) +e=k
if k is arbitrary.
15. First,
oM 3 50 ON
—=z— d — =2z.
3y T =5y and — x

and these are not equal on any rectangle in the plane.

In differential form, the differential equation is

(zy +y~ 3/ dx + 22 dy = 0.

© 2018 Cengage Learning. All Rights reserved. May not be scanned, copied or duplicated, or posted to a publicly accessible website, in whole or in part.



14 CHAPTER 1. FIRST-ORDER DIFFERENTIAL EQUATIONS

Multiply this equation by 2%y’ to get
(xa+1yb+1 _|_£L,ayb73/2) dr +xa+2yb dy —=0=M*dz + N* dy.

For this to be exact, we need

oM~ _ a+1,b 3 a, b—5/2
9y =b+1)z""y (b 5 ) %"y
N*
= a2y,

Divide this equation by z%y® to get
b+ 1)z + (b - 3) y 2 = (a+2)z.

This will hold for all z and y if we let b = 3/2 and then choose a and b so
that b+ 1 = a + 2. Thus choose

to get the integrating factor p(x,y) = /2632, Multiply the original
differential equation by this to get

(@3/2y5/% 4 x1/2) da + 25242 dy = 0.
To find a potential function, integrate

0
o9y _ 25/2y3/2
dy

with respect to y to get
2
ply) = Z0°2y2 + c(a).
Then we need

g% — gB/25/2 +d(z) = 232502 g2,

Therefore ¢/ (x) = 2'/2, so ¢(x) = 223/2/3 and

o(z) = §x5/2y5/2 n %xg/z.

The general solution of the original differential equation is given implicitly
by

2 5 2
g(ysy)"/2 + §x3/2 =k.

In this we must have = # 0 and y # 0 to ensure that the integrating factor
w(z,y) # 0.
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1.4. HOMOGENEOUS, BERNOULLI AND RICCATI EQUATIONS 15

1.4 Homogeneous, Bernoulli and Riccati Equa-
tions

1. This is a Riccati equation and one solution (by inspection) is S(x) = x.
Let y = 2 + 1/z to obtain

This simplifies to
et —z=—=
x
a linear equation with integrating factor

ef(l/:v) dr _ 6ln(:v) = 1.

The differential equation for z can therefore be written

Integrate to get

SO

for x > 0. Then

for x > 0.

3. This is a Bernoulli equation with o = 2, so let v = y*=% =y~ for y # 0
and y = 1/v. Compute

p_dydv 1
Y= iz v2"

The differential equation becomes

1 n T T
-+ ==
02 v 2
This is
v — v = —z,

a linear equation with integrating factor e="/2. We can therefore write

(e—zQ/QU)/ — _we—mz/Q.
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16 CHAPTER 1. FIRST-ORDER DIFFERENTIAL EQUATIONS

Integrate to get

—z2/2 —z2/2

e v=e +c,

SO ,
v=1+ce " /2
The original differential equation has the general solution
1 1
y=53" 14 ce—e?/2’
in which ¢ is an arbitrary constant.

5. This differential equation is homogeneous and setting y = ux gives us

u+zu = .
14w
This is the separable equation
du U
rT— = —
dr  1+u

which, in terms of z and y, is
1 1 1
(2 + ) du = ——dux.
U U x

—+Inju|=—Inlz| +ec
u

Integrate to get

With u = y/x this reduces to
—z+ynly[=cy,
with ¢ an arbitrary constant.

6. This is a Riccati equation and one solution (by inspection) is S(z) = 4.
After some routine computation we obtain the general solution

6

=4 .
4 +cf:c3

7. The differential equation is exact, with general solution defined implicitly

by

oy —2? -y =c

9. The differential equation is of Bernoulli type with « = —3/4. The general
solution is defined by

5(zy) 7/t + 7275 = ¢
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1.4. HOMOGENEOUS, BERNOULLI AND RICCATI EQUATIONS 17

11. The equation is Bernoulli with o = 2 and the change of variables v = y~*

leads to the general solution

y=2+

cx?2 —1°

13. The differential equation is Riccati and one solution is S(z) = e*. A
general solution is given explicitly by
2e”

Y= cezr _1°

15. For the first part,

ax + by +c a+bly/x)c/x
F( Y >:F< (y/z)c/ >:f<y)
dr +py+r d+ply/z)+r/x T
if and only if c =r = 0.
Next, suppose x = X +h and y =Y + k. Then

dy a(X+h)+bY +k)+c

ax (ﬂx+h)+ﬂY+%ﬂ+r>
aX +bY +c+ah+bk+c

<¢X+pY+r+dh+pk+r>'

This equation is homogeneous exactly when h and k can be chosen so that
ah + bk = —c and dh + pk = —r.

This 2 x 2 system of algebraic equations has a solution exactly when the
determinant of the coefficients is nonzero, and this is the condition that

a b
d p‘apbd;é().

17. Let X =2 —2,Y =y + 3 to get the homogeneous equation

day 3X-Y
dX  X+Y'

The general solution of the original equation (in terms of z and y) is
defined by
3z —2? -2 -2y +3) - (y+3)°=c

with ¢ an arbitrary constant.

19. Let X =2 —2,Y =y + 1 to obtain the general solution given by

2z +y —3)* =cly — 2+ 3).
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18 CHAPTER 1. FIRST-ORDER DIFFERENTIAL EQUATIONS

21. It is convenient to use polar coordinates to formulate a model for this
problem. Put the origin at the submarine at the time of sighting, and
the polar axis the line from there to the destroyer at this time (the point
(9,0)). Initially the destroyer should steam at speed 2v directly toward the
origin, until it reaches (3,0). During this time the submarine, moving at
speed v, will have moved three units from the point where it was sighted.
Let 6 = ¢ be the ray (half-line) along which the submarine is moving.

Upon reaching (3,0), the destroyer should execute a search pattern along
a path r = f(6). The object is to choose this path so that the sub and
the destroyer both reach (f(p,¢) at the same time T" after the sighting.

From sighting to interception, the destroyer travels a distance

o+ [ NGO GOT)

SO

7= (o4 [ VIO TOR).
For the submarine,
T=%ﬂ@~

Equate these two expressions for T and differentiate with respect to ¢ to
get

NI T TP = f(e)

Denote the variable as 6 and rearrange the last equation to obtain

o) _

FO) TV

The positive sign here indicates that the destroyer should execute a star-
board (left) turn, while the negative sign is for a portside turn. Taking
the positive sign, solve for f(6) to get

£(0) = ke V3.
Now f(0) = k = 3, so the path of the destroyer is part of the graph of
f(6) = 3se?/V3,

After sailing directly to (3,0), the destroyer should execute this spiral
pattern. A similar conclusion follows if the negative sign of 1/4/3 is used.

This shows that the destroyer can carry out a maneuver that will take it
directly over the submarine at some time. However, there is no way to
solve for the specific time, so it is unknown when this will occur.
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Chapter 2

Second-Order Differential
Equations

2.1 The Linear Second-Order Equation

1. It is a routine exercise in differentiation to show that y;(z) and yo(x) are
solutions of the homogeneous equation, while y,(x) is a solution of the
nonhomogeneous equation. The Wronskian of y; () and yo(z) is

W(z) = sin(6x) cos(6z)

— 2 o .2 _
= [6cos(62) —6sin(6z)| = 6sin”(z) — 6sin”(z) 6,

and this is nonzero for all x, so these solutions are linearly independent
on the real line. The general solution of the nonhomogeneous differential
equation is
1
y = ¢ 8in(6x) + ¢o cos(6x) + %(a: —1).
For the initial value problem, we need
1

y(0) =z — 5o = =5

S0 ¢ = —179/36. And

1
"0)=2=6 —
y'(0) at g

so ¢; = 71/216. The unique solution of the initial value problem is

71 179 1
y(z) = 276 sin(6z) — 56 cos(6x) + %(x -1).

3. The associated homogeneous equation has solutions e 2% and e~*. Their

Wronskian is
6—2.% e—m

—2e72  _eT®

W(z) =

19
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20 CHAPTER 2. SECOND-ORDER DIFFERENTIAL EQUATIONS

and this is nonzero for all . The general solution of the nonhomogeneous
differential equation is

15
y(x) = cre™ + coe™ + 5
For the initial value problem, solve
15
y(0)=—3201+02+?

and
y'(O) =—-1= 7201 — C2
to get ¢1 = 23/2,co = —22. The initial value problem has solution
23 15
y(z) = ?e_zx — 227" + 5

5. The associated homogeneous equation has solutions
y1(z) = €” cos(x), ya(x) = €” sin(x).
These have Wronskian

e® cos(x) e® sin(x)

W(x) = e” cos(z) — e”sin(z) e”sin(z) + e® cos(z

) =e¥ £0

so these solutions are independent. The general solution of the nonhomo-
geneous differential equation is

y(z) = c1€” cos(x) + coe” sin(x) — gcz —bx — g
We need 5
y(0) =c1 — 3= 6
and

y’(O) =1 :Cl+62—5.
Solve these to get ¢; = 17/2 and ¢z = —5/2 to get the solution

17 5 ) )
y(x) = ?ex cos(x) — 5636 sin(x) — 51‘2 — 5 — 7

7. The Wronskian of z2 and z3 is
2 3

T T
2x 3z

= 1‘4.

W(x) =

Then W(0) = 0, while W(z) # 0 if z # 0. This is impossible if 2% and
23 are solutions of equation (2.2) for some functions p(z) and g(z). We

conclude that these functions are not solutions of equation (2.2).
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2.2. THE CONSTANT COEFFICIENT HOMOGENEOUS EQUATION 21

9. If y2(x) and y2(x) both have a relative extremum (max or min) at some
xo within (a,b), then
y'(20) = ya(z0) = 0.
But then the Wronskian of these functions vanishes at 0, and these solu-
tions must be independent.

11. If y1 (zo) = y2(x0) = 0, then the Wronskian of y; (z) and ya(z) is zero at
xg, and these two functions must be linearly dependent.

2.2 The Constant Coefficient Homogeneous Equa-
tion
1. From the differential equation we read the characteristic equation
M _A-6=0,
which has roots —2 and 3. The general solution is

y(x) = cre™ " + o€’

3. The characteristic equation is
M 4+6A+9=0

with repeated roots —3, —3. Then

y(x) = c1e73% + coze™3®

is a general solution.

5. characteristic equation A% 4+ 10\ + 26 = 0, with roots —5 =4 i; general

solution

5 5

y(z) = cre™ % cos(x) + cae™ 7 sin(x).

7. characteristic equation A\24+3A+18 = 0, with roots —3/2+3+/7i/2; general

solution
- 3V7 . 3V7
y(z) = coe3%/2 cog (‘?) + e~ 3%/ 2 gin ( \QQ:) .

9. characteristic equation A\? — 14\ 449 = 0, with repeated roots 7, 7; general
solution

y(x) = ™ (c1 + cax).

In each of Problems 11-20 the solution is found by finding a general solution
of the differential equation and then using the initial conditions to find the
particular solution of the initial value problem.
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22 CHAPTER 2. SECOND-ORDER DIFFERENTIAL EQUATIONS

11. The differential equation has characteristic equation A\?> + 3\ = 0, with
roots 0, —3. The general solution is

y(x) = 1 + cpe 3",

Choose ¢; and cs to satisfy:

y(0) =1 + c2 =3,
y'(0) = =3¢y = 6.

Then ¢ = —2 and ¢; = 5, so the unique solution of the initial value
problem is

y(x) =5 —2e737,

13. The initial value problem has the solution y(x) = 0 for all . This can
be seen by inspection or by finding the general solution of the differential
equation and then solving for the constants to satisfy the initial conditions.

15. characteristic equation A2 + A\ — 12 = 0, with roots 3, —4. The general
solution is

y(x) = 13 + e,

We need
y(2) = c1e® + e =2

and
y'(2) = 3c1e® — dege® = 1.

Solve these to obtain

c1 = 676762 = €8,

The solution of the initial value problem is
y(m) — 6—663:E 4 686—41.

This can also be written
y(z) _ 63(172) + 674(172).
17. y(z) = e*~1(29 — 17x)
19.
y(z) = e@+2/2 |cos(V15(z 4 2)/2)

5 .
+\/T75 sin(V15(x + 2)/2)]
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2.2. THE CONSTANT COEFFICIENT HOMOGENEOUS EQUATION 23

21. (a) The characteristic equation is A% — 2a\ +a? = 0, with « as a repeated
root. The general solution is

y(z) = (1 + cox)e™™.

(b) The characteristic equation is A2 — 2a\ + (o — €2) = 0, with roots
a + ¢, — €. The general solution is

() = 1l 4 cpelo=7,

We can also write

—ex) eoeac.

ye(z) = (cleex + coe

In general,
lim y(z) = (c1 + c2)e™ # y(x).

e—0

Note, however, that the coefficients in the differential equations in (a) and
(b) can be made arbitrarily close by choosing € sufficiently small.

23. The roots of the characteristic equation are

—a+Va? —4b
2

a—+va? —4b

A\ = and \p = — 5

Because a? — 4b < a? by assumption, A\; and o are both negative (if
a®? —4b > 0), or complex conjugates (if a®> — 4b < 0). There are three
cases.

Case 1 - Suppose A; and Ay are real and unequal. Then the general

solution is

/\1w

y(z) = c1eM” + cpe”

and this has limit zero as * — co because \; and Ay are negative.
Case 2 - Suppose A1 = A2. Now the general solution is
y(x) = (1 + czx)e’\””,

and this also has limit zero as z — oo.

Case 3 - Suppose A and Ay are complex. Now the general solution is
y(x) = [cl cos(v4b — a?x/2) + ¢y sin(v/ 4b — a2x/2)} e~aw/2,

and this has limit zero as x — oo because a > 0.

If, for example, a = 1 and b = —1, then one solution is e(_l"’\/g)w/Q, and
this tends to co as z — oo.
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24 CHAPTER 2. SECOND-ORDER DIFFERENTIAL EQUATIONS

2.3 Particular Solutions of the Nonhomogeneous
Equation

1. Two independent solutions of ¥ +y = 0 are y;(z) = cos(x) and ya(z) =
sin(z), with Wronskian

cos(z)  sin(x)

—sin(z) cos(x) =1

W(z) =

Let f(z) = tan(z) and use equations (2.7) and (2.8). First,

- _/Z/Z(MI/)(J;()I) = —/tan(m) sin(x) dz

- / 5012:((;)) de
_ _/ 1 — cos?(x) i

cos(z)

= /cos(x) dx — /sec(x) dx

= sin(z) — In | sec(x) + tan(x)|.

~

uy(x

Next,

[ D) b0 [ ot o
/

sin(z) de = — cos(x).

us ()

The general solution is

y(x) = ¢1 cos(x) + casin(x) + uy (z)y1 (z) + ua(2)y2(x)
= ¢1 cos(x) + cosin(x) — cos(z) In | sec(x) + tan(z)|.

For Problems 3-6, some details of the calculations are omitted.

3. The associated homogeneous equation has independent solutions y; (z) =
cos(3x) and ya(z) = sin(3z), with Wronskian 3. The general solution is

y(x) = 1 cos(3z) + cosin(3z) + 4z sin(3z) + % cos(3z) In | cos(3x)|.

5. y1(z) = €* and ya(x) = €**, with Wronskian W (z) = 3. With f(z) =
cos(e™?), we find the general solution

2

y(x) = c1e® + cpe®® — €2 cos(e ).
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2.3. PARTICULAR SOLUTIONS OF THE NONHOMOGENEOUS EQUATION25

In Problems 7-16 the method of undetermined coefficients is used to find
a particular solution of the nonhomogeneous equation. Details are included
for Problems 7 and 8, and solutions are outlined for the remainder of these
problems.

7. The associated homogeneous equation has independent solutions y; (z) =
e?* and e~. Because 22245 is a polynomial of degree 2, attempt a second
degree polynomial

yp(z) = Az® + Bz + C

for the nonhomogeneous equation. Substitute y,(z) into this nonhomoge-
neous equation to obtain

2A — (2Ax + B) — 2(A2? + Bz + C) = 222 + 5.

Equating coefficients of like powers of = on the left and right, we have the
equations

—2A = 2( coefficients of z?)
—2A — 2B — 0( coefficients of z
2A — 2B — 2C = 5( constant term.)

Then A= —-1,B=1and C = —4. Then
yp(@) = —a? + o —4
and a general solution of the (nonhomogeneous) equation is
y=c1e® + e —2® + x4
9. y1(z) = €®cos(3z) and y2(x) = e”sin(3z) are independent solutions of

the associated homogeneous equation. Try a particular solution y,(z) =
Ax? + Bx + C to obtain the general solution

y(x) = c1e” cos(3x) + cpe” sin(3x) + 222 + 2 — 1.

11. For the associated homogeneous equation, y;(z) = €?* and yo(x) = e**.
Because e” is not a solution of the homogeneous equation, attempt a
particular solution of the nonhomogeneous equation of the form y,(z) =

Ae®. We gett A =1, so a general solution is
y(x) = 1627 + cpe’® + e”.
13. y1(x) = €® and yo(z) = €**. Because f(z) = 10sin(x), attempt
Yp(x) = Acos(x) + Bsin(x).

Substitute this into the (nonhomogeneous) equation to find that A = 3
and B = 1. A general solution is

y(x) = c1e” + c2e®® + 3cos(x) + sin(z).
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26 CHAPTER 2. SECOND-ORDER DIFFERENTIAL EQUATIONS

15. y1(x) = €** cos(3x) and ya(x) = €**sin(3x). Try

ypr = Ae** + Be’”.

This will work because neither e2* nor 3% is a solution of the associated
homogeneous equation. Substitute y,(z) into the differential equation and

obtain A = 1/3, B = —1/2. The differential equation has general solution
o1 1
y(x) = [c1 cos(3x) + ¢y sin(3z)]e*® + ge% - 563’”.

In Problems 17-24 the strategy is to first find a general solution of the dif-
ferential equation, then solve for the constants to find a solution satisfying the
initial conditions. Problems 17-22 are well suited to the use of undetermined co-
efficients, while Problems 23 and 24 can be solved fairly directly using variation
of parameters.

17. yi(z) = €2® and ya(x) = e 2*. Because e** is a solution of the asso-

ciated homogeneous equation, use xe?* in the method of undetermined
coefficients, attempting

2x

yp(z) = Aze* + Bz + C.
Substitute this into the nonhomogeneous differential equation to obtain
4Aze® 4 4Axe® — 4Axe®® — 4Bx — 4C = —T7e** + 1.

Then A = —7/4,B = —1/4 and C = 0, so the differential equation has
the general solution

2x 7 2x 1

y(r) = c1€*” + coe™ 2 — 7% — 4o
We need
y(O) =cC1+Cy = 1
and 1
0) =2¢; —2c9 — ~ — = =3,
y'(0) 1 ©2=777 3
Then ¢; = 7/4 and ¢; = —3/4. The initial value problem has the unique
solution . 5 . 1
_ 2 2 -2z ' 2
y(z) = 1€ 1€ 1%e 1%

19. We find the general solution

—2z —6x 1 —x 7
y(x) = cre™%* + cpe —i—ge —|—E.
The solution of the initial value problem is
o 3 —2x 19 —6x 1 —x 7
ylw) = ge 20° T3 T
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2.4. THE EULER DIFFERENTIAL EQUATION 27

21. e** and e 2® are independent solutions of the associated homogeneous
equation. The nonhomogeneous equation has general solution

y(x) = c1e*® + e — 27" — %7,
The solution of the initial value problem is
y(x) = 2eM 272 — 277 — 27,
23. The differential equation has general solution
y(x) = c1e” + cpe”® —sin’(x) — 2.
The solution of the initial value problem is

y(x) = 4™ — sin?(z) — 2.

2.4 The Euler Differential Equation

Details are included with solutions for Problems 1-2, while just the solutions
are given for Problems 3-10. These solutions are for x > 0.

1. Read from the differential equation that the characteristic equation is
r4+r—6=0

with roots 2, —3. The general solution is

y(x) = c12? + o3,
3.
y(x) = ¢ cos(2In(z)) + co sin(21n(z))
d.
2 1
y(z) = rz* + 13
7.
1 1
y(z) = e + 23
9.

Y(z) = (1 + e2In(a))
11. The general solution of the differential equation is
y(x) = 123 + o™ 7.
From the initial conditions, we need

y(2) =8c1 +2 "¢y = 1 and y/(2) = 3¢12% — 7c227% = 0.

Solve for ¢; and cs to obtain the solution of the initial value problem

v =15(3) + 15 (5)
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28 CHAPTER 2. SECOND-ORDER DIFFERENTIAL EQUATIONS

13. y(z) = 2%(4 — 31n(z))
15. y(z) = 32% — 224
17. With Y (t) = y(e'), use the chain rule to get

) ay d¢¢ 1,
== =y
y(@) == 2Y'(0)

V@ =4 (37'0)
= V() + (V)
= f%Y’(t) + %%Y”(t)
S0 V().

and then

Then
22y () =Y"(t) - Y'(1).

Substitute these into Euler’s equation to get
Y'(t)+ (A-1)Y'(t) + BY (t) = 0.

This is a constant coefficient second-order homogeneous differential equa-
tion for Y (¢), which we know how to solve.

19. The problem to solve is
22y" — bdxy' + 10y = 0;y(1) = 4,7/ (1) = —6.

We know how to solve this problem. Here is an alternative method, us-
ing the transformation z = €, or ¢t = In(x) for > 0 (since the initial
conditions are specified at x = 1). Euler’s equation transforms to

Y" —6Y' +10Y = 0.
However, also transform the initial conditions:
Y(0) = y(1) = 4,Y(0) = (1)y/(1) = —6.
This differential equation for Y (¢) has general solution
Y (t) = 1% cos(t) 4 coe® sin(t).

Now
Y(O) = Cy = 4
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and
Y'(0) = 3c1 + ¢2 = —6,
so cg = —18. The solution of the transformed initial value problem is
Y (t) = 4e3 cos(t) — 18e3! sin(t).
The original initial value problem therefore has the solution
y(x) = 42 cos(In(z)) — 192° sin(In(x))

for x > 0. The new twist here is that the entire initial value problem
(including initial conditions) was transformed in terms of ¢ and solved for
Y'(t), then this solution Y'(¢) in terms of ¢ was transformed back to the
solution y(z) in terms of z.

2.5 Series Solutions

2.5.1 Power Series Solutions
1. Put y(z) = 3,7, apa™ into the differential equation to obtain

(o] o0
y —ay = E na,z" ! — g anpz" Tt
n=0

n=1

oo oo
= E nan,z" "t — E Ap_oz™
n=1 n=2

= a1 + (2a2 — ap)z + Z(nan — o)zt
n=3

=1—=x.

Then aq is arbitrary, a; = 1, 2as — ag = —1, and

ap = —Qp_o form=3,4,---.
n

This is the recurrence relation. If we set ag = ¢o + 1, we obtain the
coefficients
1 1 1
az = 500764 = ﬁCOaaﬁ = 9. 1. 660’
and so on. Further,
1 1 1
ay :17a3: §1a5: ﬁva'Y: 3.5.7

and so on. The solution can be written
1

:1 2n+1
y(@) +7;J3-5---2n+1

oo 1
+ o <1+ § :c2"> .
£<2-4---2n
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3. Write
o o0 o0
v 4+ (1 -2y = Z napx" "t + Z apx” — Z apz"t?
n=1 n=0 n=0

= (a1 + ap) + (2a2 + a1)x + Z(nan +ln_1 — Gp_3z)z"
n=3
=1z

The recurrence relation is
Nap + ap_1 —an_3 =0 forn=3,4,---

Here ag is arbitrary, a; + ag = 0 and 2as + a; = 1. This gives us the

solution
1 1 7 19
y(m)—a0<1—m+2'x +§x —4!9044-5!3354—---)
1, s 1, 11, 314
At Tttt et Tet
5. Write
(oo}
y”—xy'—l—y:z:n(n—l Znanx —|—Zan
n=2
—2a2+a0+z n+2)(n+ a2 Znanz JrZan =
n=0

Here ag and a; are arbitrary and as = (3 —ag)/2. The recurrence relation
is
n—1
a =—forn=1,2,---
T+ 2)(n+1)

This yields the general solution

—ap o 3—a0x4

3
y(z) = ap + a1z + 5% + 1
+ 3(3&%)1:6 + 3- 5(:;!* ao)xs +
7. We have
Y — 2y 42y = i n(n —1)ap,z™ >
n=2

— Z nan,x"tt + Z 2a,z"
n=1 n=0
= 2ay + 2a9 + (6as + 2a1)x

+ Z n(n— Da, — (n — 3)an—3 + 2an,2)x"_2 =z
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2.5. SERIES SOLUTIONS 31

Then ag and a; are arbitrary, as = —ag, and 6az+2a; = 1. The recurrence
relation is

(n - 3)CLn_3 - 2an_2

in = n(n—1)
for n =4,5,---. The general solution has the form
y(z) =a 17x2+7x47ix57—x6+
0 6 107 90
14 1 4, 14 7T 6
o {”C 37 TR Y3t 1ot T
1 1 1 1
+6:17377m5+75,56 7 84 ..

Note that ag = y(0) and a3 = ¢’(0). The third series represents the
solution obtained subject to y(0) = ¢'(0) = 0.
9. We have
y' + (1 —a2)y +2y = Z n(n —1)ap,z" 2
n=2

oo oo oo
+ E napz™ "t — g na,x" + 2 E anpx”
n=1 n=1 n=0

= (2a2 + a1 + 2a9) + Z(n(n —Dan +(n—1Dap_1 — (n—4)ag, 2)z" >
n=3

=1-22

Then ag and ay are arbitrary, 2as 4+ a1 + 2a¢9 = 1, 6as + 2a2 + a1 = 0, and
12a4 + 3az = —1. The recurrence relation is

_(n B 1)(],”,1 + An—4Qn—2

in = n(n —1)

for n =5,6,---. The general solution is

12 12 13 1 4 1 6 1 7
+a1(x 2x>+2x 6" 24" 360" 220" T

Here ag = y(0) and a; = y'(0).
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32 CHAPTER 2. SECOND-ORDER DIFFERENTIAL EQUATIONS

2.5.2 Frobenius Solutions
1. Substitute y(z) = >~ ¢,z™"" into the differential equation to get

'+ —-2)y +y= Z(n +r)(n4r—1)cz" 2
n=0
oo (oo}
+Z(n+r)cnx"+7"_1 — Z(n—kr "+T+ch
n=0 n=0
=r2cozr”” Z n—+r)2c, —(n+r—2)c,_1)z" !

Because ¢ is assumed to be nonzero, r must satisfy the indicial equation
r?2 =0, so r1 =19 = 0. One solution has the form

oo
x) = E cnx”,
n=0

while a second solution has the form

y2(x) = y1(z) In(z) + Z cha”
n=0

For the first solution, choose the coefficients to satisfy ¢y = 1 and

n—2

cn:76n—l forn=1,2,---

This yields the solution y;(x) = 1 — . The second solution is therefore

ya(z) = (1 — z) In(x +ZC

Substitute this into the differential equation to obtain

x{—Q— lﬂ 4 (1-2) {—ln(m)—&-lxz]

x 2

o0

+(1—x)ln(fv)+2n(n—1)* nl 1—:1053
n=2 n=1
+ i cra”
n=1

(oo}

= (=3+c})+ (1 +4c3)z + Z(TLQC: —(n—2)c,_)a"?
n=3

=0.
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2.5. SERIES SOLUTIONS 33

The coefficients are determined by ¢} =3, ¢5 = —1/4, and

-2
c:;:n 5— forn=3.4,---.
n

A second solution is

va(w) = (1 - 2) In(z) + 32— > n(%—l)xn

n=2

3. The indicial equation is 72 — 4r = 0, so r; = 4 and ro = 0. There are
solutions of the form

n(x) = 3 e and o) = by (@) In(a) + D
n=0 n=0

With r = 4 the recurrence relation is

n+1

Cp = Cpq formn=1,2,---.

Then
yi(z) = x*(1 + 22 + 322 + 42 + ).

Using the geometric series, we can observe that
d
y1(x) :x4%(1+x+x2+x3+---)

4 d 1 xt
=r — - .
dr \1—=z (1—x)?

This gives us the second solution

3 —4x
ya(z) = m

5. The indicial equation is 47> — 2r = 0, with roots r; = 1/2 and ro = 0.
There are solutions of the form

oo oo

yi(z) = chﬁan/Q and ya(z) = ZCZx”
n=0 n=0

Substitute these into the differential equation to get

- (_l)n n
1+;2nn!(3.5~7~.(2n+1))$ ]

11 1 1
SRR V- P VR - 3 4.
v { 6" " 120" " 50a0" T 362880 ]

— /2

y1 ()

© 2018 Cengage Learning. All Rights reserved. May not be scanned, copied or duplicated, or posted to a publicly accessible website, in whole or in part.



34 CHAPTER 2. SECOND-ORDER DIFFERENTIAL EQUATIONS

and
) (Al)n
=1 "
y2(2) +§:wmwy35-~@n—1ﬁx
n=1
1 1 L .
=1-co+ =2 — —2%+ R

2" T g 720 10320°

7. The indicial equation is 72 — 3r + 2 = 0, with roots 7, = 2 and 7, = 1.
There are solutions

oo oo
y(x) = E cnz" T2 and E cra" 2
n=0 n=0

Substitute these in turn into the differential equation to obtain the solu-

tions
y1(x) :x2+%x4+$x6+%x8+~-~
and ) 1 1
ya () :x—x2+ix3—ix4+ﬂx5—~n

We can recognize these series as

xT

y1(z) = zsinh(x) and yo(z) = ze”

9. The indicial equation is 2r? = 0, with roots 11 = ro = 0. There are
solutions

yi(z) = Z cpa” and yo(z) = y1 () In(x) + Z "

n=0

Upon substituting these into the differential equation, we obtain the in-
dependent solutions

y(z)=1—=z

yo(z) = (1 — z)In (fo) _2.

and
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Chapter 3

The Laplace Transform

3.1 Definition and Notation

1.
3(s? —4)
(5) = a2
(s?2+4)
5 14 7
H(s) = — — —
(5) s2 52449
5.
10 3

7. q(t) = cos(8t)

11. (a) From the definition,

R—o0

R
F(s) = L[f](s) = lim /0 e S F(t)dt

For each R, let N be the largest integer such that (N + 1)T < R to write

/ e " f(t)dt = Z/n(nH e f( )dt+/(R e f(t)dt

n=0 N+1)T

By choosing R sufficiently large, we can make the last integral on the right
as small as we like. Further, R — oo as N — oo, so

e 0 (n+1)T
—st d: —st d
| emsma ;/T et £ (8) dt

35

© 2018 Cengage Learning. All Rights reserved. May not be scanned, copied or duplicated, or posted to a publicly accessible website, in whole or in part.



36 CHAPTER 3. THE LAPLACE TRANSFORM

(b) Use the periodicity of f(¢) and the change of variables u = ¢t — nT to
write

(n+1)T T
/ et f(t)dt = / e 2w T) £ (4 4+ nT) dt
n 0

T
T
_ ,—snT —su d
e /0 e % f(u)du
because f(u+nT) = f(u).

(c) Use the results of (a) and (b) to write

because the summation is independent of ¢.

(d) For s > 0, 0 < e *" < 1 and we can use the geometric series to obtain
- 1
—snt —sT\™ _
Z e =2 ()" = =

n=0

Therefore

T
Cif(s) = —— / e f(t) dt

1—e 5T

13. f has period T = 7/w and

T w/w
/ e St f(t)dt = / Ee 5! sin(wt) dt
0 0

_ Bw (1+e™/v)
24 w? 1 —ems/w ]

15. f has period 6 and f(¢) =t/3 for 0 < ¢ < 6. Compute

Tt R - L —6s _ —6
/Oe f(t)dt:/o §t6 dt:§(1—6se —e ).

Then
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3.2. SOLUTION OF INITIAL VALUE PROBLEMS 37

17. Here
h for0<t<a,

t) =
1) {O for a <t < 2a,

with period 2a. Then

2a a h
/ e f(t)dt = / he st dt = ;(1 —e ).
0

0
Then

hl—e
LIAS) = 27—

3.2 Solution of Initial Value Problems

In many of these problems a partial fractions decomposition is used to find the
inverse transform of the transform of the solution (hence find the solution).
Partial fractions are reviewed in a web module.

1. Transform the differential equation, using the operational formula, to ob-

tain 1
sY(s) —y(0) +4Y (s) = .
With y(0) = 3, this is
sY —3+4+4Y = 1
S
Then . ) -
—3s
Y(s)=——|-—-3| = — .
() s+4 L } s(s+4)
Decompose this into a sum of simpler fractions:
A B
Y(s) == .
() S + s+4

It these fractions are added, the numerator must equal the numerator of
the original fraction, 1 — 3s:

A(s+4)+ Bs=1-3s.

Then
(A+B)s+4A=1-3s.

Matching coefficients of like powers of x, this requires that
A+ B=-3and 44 = 1.

Then A =1/4 and B = —13/4. Now
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38 CHAPTER 3. THE LAPLACE TRANSFORM

Now we immediately read from Table 3.1 that

Yty = LI = - e

This is the solution of the initial value problem.

3. Take the transform of the differential equation and insert the initial data
and solve for Y (s) to get

Y(s) = 3%4 (823+l> .

Use a partial fractions decomposition to obtain

4 1 14s+1

Y(s) = —= Listl
) =-wirat e

The inverse of this is the solution:

4 4 1
y(t) = —1—76_4t + 17 cos(t) + T7 sin(t).
5. The transform of the initial value problem is
sY—4—2Y:}—i2.
s s

Then

1 1 1
Y(s) = Sy
() 5—2(5 52Jr >
11 11 17 1

282 4s T ds_2

The solution is ) L 17
P R Y
y(t) = St — 5+ e

7. Transform the differential equation to obtain

s*Y = sy(0) = y/(0) — 4(sY — y(0)) +4Y = i U

Insert the initial conditions to get

S

Then
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3.2. SOLUTION OF INITIAL VALUE PROBLEMS 39

With a some manipulation, write this as

s —5s24+2s—5
(s24+1)(s—2)2 "

Y(s) =

Expand this in partial fractions:

Y (s) As—|—B+ C n D
s) = :
241 s—2 (s—2)2

To determine the coefficients, we need the numerator in the sum of these
fractions to equal the numerator in Y'(s):

(As+ B)(s —2)? + C(s —2)(s* + 1) + D(s* + 1)

=(A+C)s* + (—4A+ B —2C + D)s* + (4A — 4B + C)s + (4B — 2C + D)
=52 — 552 +25—5.

Matching coefficients of powers of s, we obtain:

A+C =1,
—4A+B-2C+D = -5,
4A—4B+C =2,

4B -2C+ D = —5.

Then

asdpo Ao 2, B
25 25 25 5
Then
3 s 4 1 22 1 13 1

Y(s)= = _ = = B .
)= e 1 BZ41 B2 5 (-2

These terms are easily inverted to obtain the solution

3 4 22 ,, 13 .,
S22 et
2%5° 5

9. Upon transforming the differential equation and inserting the initial con-
ditions, we have

1 1 1
V()= - |-+ - —2s+1
() 52+16[s+52 ot ]
11 11 33 s 15 1

652 165 1652416 642+ 16
The solution is

1 33 15
y(t) = T6(1 +1) — 6 cos(4t) + o sin(4t).
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40 CHAPTER 3. THE LAPLACE TRANSFORM

11. Begin with the definition of the Laplace transform and integrate by parts:

£l = | T et gty de

0
— )] - /0 oL
_ —f(O)—l—s/O =L (1) dt
— sF(s) — £(0).

3.3 The Heaviside Function and Shifting Theo-
rems

In each of Problems 1-15, we will indicate shifting f(¢) by a, replacing ¢ with
t — a, by writing

[f(t)}t—ﬁ—a-
Similarly, if we replace s with s — a in the transform F(s) of f(t), we will write
[F(8)]s—s-a
or sometimes
LIf(#)]s—s—a-

This notation is sometimes useful in applying a shifting theorem or inverse
shifting theorem.

1. Apply the shifting theorem:

L[(t3 — 3t +2)e *(s) = L[t? — 3t + 2] 5512
6 3 2

G2 (5122 Ts+o

3. First write

ft)y=1—-H(t—"1)]+ H(t—7)cos(t)
=[1-H@t-7]+H{t—-T7)cos((t—=T7)+7)
=[1—-H(@—"7)]+cos(T)H(t —7)cos(t —7) —sin(7)H (t — 7)sin(t — 7).

Then

1
5241

W | =

(1—e™)+ cos(7)e " — sin(7)e”".

LIf)(s) = o
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3.3. THE HEAVISIDE FUNCTION AND SHIFTING THEOREMS 41

5. First, write the function as

F(E) =t + (1 — 4)H(t —3)
b (1—A(t—3) + 3)H(t—3)
—t— LLH(t — 3) — A(t — 3)H(t — 3).
Then 1 1 4
— —3s —3:
Lifls) =5 — e~ 5
7. Replace s with s+ 1 in the transform of 1 — ¢? 4 sin(t) to get
1 _ 2 + 1
s+1 (s+1)2 (s+1)241

L[f](s) =

9. First, write
f&) =1 —=H(t—2m))cos(t) + H(t — 2m)(2 — sin(t)).
Then

11. Because

L[t cos(t)](s) = 827_9
NCET
we obtain the transform of te~* cos(t) by replacing s with s + 1:
(s+1)2-9

Llte " cos(t)](s) = (ST

13. First, put f(¢) in terms of the Heaviside function as

F(t) = (1 — H(t —16))(t — 2) — H(t — 16)
—t—2+(1—t)H(t - 16).

Then

15. Replace s with s + 5 in the transform of t* 4+ 2¢2 + 1 to obtain
24 4 1

F&) =i Y orop T oao
17. Write )
o=

This is the transform of sin(¢) with s replaced by s — 2. Therefore
f(t) = e sin(t).
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42 CHAPTER 3. THE LAPLACE TRANSFORM

19. Because 3/(s? + 9) is the transform of sin(3t), then
1
f(t)= 3 sin(3(t — 2))H (t — 2).

21. We recognize that

1
F(s)= ———
)= G972
SO )
f(t) = —=e 3t sinh(V/2t).
V2
23. Write ( 51
s+3)—
F(s)= —5%—
) =737 —s
to obtain
1
t) = e % cosh(2v/2t) — ——=e 3 sinh(2v/2t).
) (2v2) - e sinh(2v2)
25. First use a partial fractions decomposition to write
P _ 11 1 s
s(s2+16) 16s 16s2+16
From this,

£(#) = 1%(1 — cos(4(t — 21)))H(t — 21).

27. The initial value problem is
y' +4y =3H(t —4);y(0) = 1,4/ (0) = 0.

This transforms to

3|1 s s
Y(s)==|-— s :
() 4[8 52—|—4}€ +52+4

Invert this to obtain the solution

y(t) = cos(2t) + 2(1 —cos(2(t —4)))H(t — 4).

29. The problem is
y®) — 8y = 2H(t — 6);y(0) = ¢/(0) = 0.

The transform of the problem is

1 11 1 s
Y(s)=|—— + — - ~6s.
() [ 4s+123—2+652+23—4]6

Invert this to obtain the solution
1 1 1

y(t) = [4 + Eeiz(tifi) + 667(t76) COS(\/g(t - 6))} H(t - 6).
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31. The problem is
y @ —y" + 4y —dy =14+ H(t—5);9(0) = y'(0) = 0,y" = 1.

Transform this to obtain

1+2 1 3 S 2 1 =
4s H5s—1 20s24+4 5s24+4

Y(s) =

Invert this for the solution

1 2 3 1
y(t) = —1 + ge ~ 55 cos(2t) — £ sin(2t)

- {—i + %et_5 - 230 cos(2(t — 5)) — %sin(2(t - 5))} Ht—5).
33. The current i(t) is modeled by
Li' + Ri = k(1 — H(t — 5));i(0) = 0.
Transform the problem and solve for I(s) to get

k

16) = gt =)
k1 1 .
:R[s_erR/L](l_e ")

Invert this to obtain the solution for the current:

, k _ k _R(t—
z(t):E(l—e Rt/L)—E(l—e RA=5)/LYH (t — 5).

In Problems 34-38, the Heaviside formula is used to compute an inverse
transform. One way to use this formula efficiently is to begin with F'(s), which
has the form

F(s) = p(s) .
(s—a1)(s—a2) - (s—ayn)
For the first term, cover up the s —a; factor and evaluate the resulting quotient
at a1 to get the coefficient of e*'*. Then cover up the s — ay factor and evaluate
the resulting quotient at as for the coefficient of e#2¢. Continue this through the
n simple zeros of the denominator to obtain f(t).

35. With
52
F =
(5) (s—1)(s—2)(s5+5)
we have a1 = 1,a2 = 2 and ag = —5. Then
12 22 52
ft _ t+ e2t+ e5t
U= Tom° T o
L A, B
6 7 42
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37. Here
s24+25—1
F(s) = .
(s) (5—3)(s—5)(5+8)
Then
14 34 A7
F(t) = St St o3t
=" Tee° T CmeD)
_ 71 3t H 5t ﬂ 3t
=1 T3¢ Tig
39. Write
p(s) p(s)

(5= %) 0(5) = @) — ala) /G~ ay)

and take the limit as s — a;. Finally, use the fact that

. Q(S)_Q(aj) ’
lim —2— 2 — /(a;).
R q'(a;)

3.4 Convolution
1. Let

1
F(S) = m and G(S) =

Then

1 1
L7HF)(t) = 3 sin(2t) and L7'[G](t) = 5 sinh(2t).
By the convolution theorem,

L F(s)G(s)](t) = %sin(%) ; %sinh(Zt)

_ i /0 sin(2(t — 7)) sinh(r) dr
= = [Sn(2(t — 7)) cosh(2r) + cos(2(t — 7)) sinh(2r)]}
= 1%(smh(mﬁ) —sin(2t)).
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3. There are two cases. Suppose first that a? # b2. Then
82 + a2 82 + b2

L [S 1} (£) = cos(at) + %sin(bt)

_ S

Il
S~

/ cos(a(t — 7)) sin(br) dr
0

[sin((b— a)T + at) + sin((b+ a)T — at) dr] dr

20
_ 1 [ cos((b—a)r+at) cos((b+a)T—at) K
2b b—a b+a 0
_ L[ cos(bt) cos(bt) = cos(at) & cos(at)
- 2b b—a b+a b—a b+a
_ cos(at) — cos(bt)
~ (b—a)(b+ta)
If a® = b2, then
_ S 1 1 .
L 1 |:32«|»(],2 M] (t) = COS(CLt) * E sm(at)

¢
-1 / cos(a(t — 7)) sin(at) dr
@ Jo
1 t
= — [ (sin(at) + sin(2a7 — at)) dr
2a 0
¢

— i |:T sin(at) — % cos(a(27 — t))}

0
1
= %tsin(at).
5. First,
1] 1 1 1
| Ll a1 1 .
L sl (t) a2( cos(at)) and L [32 n a2] (t) atsm(at)
Then
£t L (t) = i[1 — cos(at)] * sin(at)
[s(s2+a?)| "7 a?
a [t
= — [ [1—cos(a(t — 7))]sin(ar) d7
as Jo
t
= % [i cos(ar) — %7’ sin(at) + % cos(2at — at) .

1 1
= E(l — cos(at)) — oy sin(at).
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We can therefore write the inverse transform as

6743
-1 L i 5 ] (t) = %(1 — e 20N H (t —4).

9. Take the transform of the initial value problem and solve for Y'(s) to get

SANNE "N S

By the convolution theorem,

y(t) = &3t x f(t) — e % f(1).

For Problems 11-16 the solution is given, but the details (similar to those

of Problems 9 and 10) are omitted.

11.
1 1
y(t) = 166’5 * f(t) — Ze% * f(t) + 2e% — 52t

13.
1 1
y(t) = 3 sin(3t) = f(t) — cos(3t) + 3 sin(3t)
15.
1 1 1 1 1 4
y(t) = Ze% * f(t) + Ee_% x f(t) — get x f(t) — Zem - Ee_% + get
17. The integral equation can be expressed as
f(t) = =1+ f(t) x e 3
Take the transform of this equation to obtain
1 F(s)
F(s)=—- .
(s) s s+3
Then +3 1 1 31
F(s) = —— == 22
s(s+2) 2s+2 2s

Invert to obtain the solution
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19. The equation is f(t) = e~t + f(t) * 1. Take the transform and solve for

F(s) to get
s 1 1 1 1
F(s) = == - .
&)= GoDe+D 2571 T 25-1
Then 1 1
ft) = §e_t + iet = cosh(t).

21. The equation is f(t) = 3+ f(t) = cos(2t). From this we obtain

3(s?+4) 3 3
Fiy=—22"%9 2, %
®) s(s2—s+4) s+52—3—|—4

The inverse of this is
2\/ V15
ft) =3+ =—¢"?si (2 t).

23. Let F = L[f] and G = L[g]. Then

Now recall that

e TF(s)=L[H(—7)f(t —7)](s).
Substitute this into the expression for F(s)G(s) to get

= [ 2t - )1~ ot an
But, from the definition of the Laplace transform,
CIH(t— ) f(t— 7)) = /OOO e H(t —7)f(t —7) dt.
Then
F(s)G(s) = /oo UOO e SUH(t —7)f(t — ) dt| g(r) dr

/ /0 e Stg(r)H(t — 7)f(t — 7)dr dt.

But H(t —7)=0if 0 <t < 7, while H(t —7) = 1 if ¢t > 7. Therefore

/ / e Stg(r)f(t — 1) dtdr.
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The last integration is over the wedge in the ¢,7— plane consisting of
points (t,7) with 0 < 7 < t < co. Reverse the order of integration to
write

F(S)G(s):/ooo/o e~ g(r)f(t — 1) dr dt

:/O oot [/Otg(T)f(t—T)dT} dt

oo

= | e (fxg)(t)dt
0

= L[f *gl(s).

This is what we wanted to show.

3.5 Impulses and the Dirac Delta Function

In Problem 1 details of the solution are given. For Problems 2-5, the details
are similar and only the solution is given.

1. Transform the initial value problem to obtain
(2 + 55 +6)Y(s) = 3¢ — e .

Using a partial fractions decomposition, this gives us

1 1 1 1
Y :3 — _35_4 _ —55.
(5) [3—1—2 s+3]e [s+2 5—1—3]6

Invert this to obtain the solution

y(t) =3 [e7207D) — D] (- 2) — 4 [ 72079 — D] H(1 - 5).

y(t) =6(e 2 —e7t +tet)
y(t) = (B+9)e * — (B +6)e >

3.6 Systems of Linear Differential Equations

1. Take the transform of the system:

1
sX —2sY =—,sX—-X+Y =0.
s
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Then
1 1 2 4
X = e —
() s2(25—1) 2 s a1
1-s 1 1 2

Yo =@~ % stmor

Apply the inverse transform to get the solution
z(t) = —t —2+2e"2 y(t) = —t — 1 4 /2.
3. After transforming the system, we obtain

1
sX—!—(Qs—l)Y:;,QsX—&—Y:O.

Then
1 4 16 1
X = —-— = — - —— e
() s?(4s—=3) 9s  9(4s—3) T3
2 2 8

o= s(4s —3) __35+3(48*3)-

Invert these to obtain
4 1
t)=—(1— e + ¢
2
y(h) = 3(-1+ 3t
5. The system transforms to

2
3SX—Y:—23X+3Y—Y=O.
s

Then
20s—1) 3 1 1 9
X - 7 - __ i - -
() s2(3s—2) 4s 252 s 4(3s—2)’
B 2 3 1 _2(35-2)
Yo =—gm—y " m 2 7
Then
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7. The transform of the system is

2
sX+2X -sY=0,sX+Y+X=—

s3
Then
2 1 s+1 1
X(s) = s2(s2 + 25+ 2) _572—‘_524—234—2_57
2(s +2) 1 1 2
Y = 0 = ———& ———— - .
() s3(s% 4 25 + 2) 52 +52+23+2+53

The solution is
z(t)=t+e cos(t) — 1
y(t) = —t + e sin(t) + 2

In inverting X (s) and Y (s), the terms involving s2 +2s+2 can be treated
by using a shifting theorem, expressing these as functions of s + 1.

9. First,
1
SX+sY+X-Y=0,sX4+2sY + X = —.
s
Then
1-s -2 1 1
X = = — -
() s(s+1)2  s+1)2 s—|—1+s’
1 1 1
Y(s) = == .
(s) s(s+1) s s+1
Then

r(t)=1—e 2t +1),yt)=1—e"
11. The system transforms to
1 1
sX —2sY +3X =0,X —4sY +3sZ2 = -, X —2sY + 352 = ——.
S S

Then
s+1 2 2 1
X - 0 == -
)= 3653 "0 9sr3 3
1s+1 —1 1
Yi(s)= -2

2 s8 243 252
252 +3s+1 2 2 2 16
2= 3 e = e e - Sr
3 $3(s+3) 9s 8ls 81(s+3) 2Ts
The solution is
2 1 2
z(t) ==+ -t — e 3,
9 3 9
y(t) = —<t(t+2)
1 1 2 2
Z(t):—£ _7t2_7+773t
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13. The equations for the loop currents are
2077 + 10(iy — i2) = E(t) = 5H(t — 5),
30745 + 10i9 + 10(ig — i1) = 0.

Initial conditions are
11(0) = i2(0) = 0.

Transform the system to obtain

5(30s + 20)e =5

I =
1(8) = $[600s2 + 700 £ 100)
1 1 27 1] ..
= |- = - e
s 10(s+1) 56s+1 ’
50e~%¢
Ir(s) =

5(600s2 4 700s + 100)

1 10 18 1 _5s
==+ - = e %8,
2s  s+1 5 6s+1

Invert these to obtain the current functions:

1 9
1 — (1o (=8 _ = —(t=5)/6| iy —
i1 (%) [ 10¢ 10¢ (t —5),
1 1 3
i — |24 —=(t=5) _ 2 —(t=5)/6 _
i (%) [2 + 10¢ 5¢ ] H(t—5).

15. Using the notation of the preceding problem, we can write

/ —_— e — PR
1= T900" T 100"

4 4
— 1y — —ax9 + 5H(t — 3).
200°1 ~ gppt2 T OH—3)

I
Ty =

Initial conditions are x1(0) = 10, 22(0) = 5. Apply the transform to this
initial value problem and rearrange terms to obtain
(100s + 3) X7 — 3X5 = 1000,
—2X1 + (1005 + 4) X5 = 500 4 5003,

Solve these to get

100000s + 5500 + 1500e 3¢
10000s? + 700s + 6
50 900 300 150 _3s
+ + - e,
50s+3  100s+1 100s+1  50s+3

Xl(s) =
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and

Xy(s) — 200005 + 3500 + (500005 + 1500)e—35
100002 + 700s + 6
50 600 150 200 | _a.
= T 50s+3 100s+1 ' |50s+3 100s+1|°€

Apply the inverse transform to obtain the solution:

il(t) — ¢—3t/50 + Qe —t/100 + 3(6—(15—3)/100 _ 6—3(t—3)/50)H(t _ 3)’
iz(t) — _6—375/50 + 66—t/100 + (36—3(t—3)/50 + 26—(t—3)/100)H(t _ 3)
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Chapter 4

Sturm-Liouville Problems
and Eigenfunction
Expansions

4.1 Eigenvalues, Eigenfunctions and Sturm-Liouville
Problems
For these problems, an eigenfunction is found for each eigenvalue, and it is

understood that nonzero constant multiples of eigenfunctions are also eigen-
functions.

1. The problem is regular on [0, L]. To find the eigenvalues and eigenfunc-
tions, take cases on .

Case 1. If A = 0, the differential equation is y” = 0, with solutions
y =a+bx. Now y(0) =a =0, so y = bx. But then y'(L) = b = 0 also,
so this case has only the trivial solution and 0 is not an eigenvalue of this
problem.

Case 2. If ) is negative, say A = —a? with o > 0, then the differential
equation is
y// _ a2y =0

with general solution

=c1e™” + cpe”
1 2

Now
y(0) =c1 +c2 =0,

S0 ¢cg = —c1 and

y(z) = c1 (e* — €™ ") = 2¢y sinh(ax).

53
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From the other boundary condition,
y'(L) = 2cia cosh(aL) = 0.

But cosh(aL) > 0 and o > 0, so we must have ¢; = 0 and this case also
has only the trivial solution. This problem has no positive eigenvalue.

Case 3. Suppose X is positive, write A = «o?, with & > 0. Now the
differential equation is
y' +a’y =0,

with general solution
y(z) = 1 cos(az) + co sin(ax).
Immediately y(0) = ¢; =0, so
y(z) = o sin(ax).
From the other boundary condition, we must have
y'(L) = caacos(aL) = 0.

We need to be able to choose ¢z # 0 to have nontrivial solutions. This
requires that we « must be chosen to satisfy

cos(aL) = 0.

We know that the zeros of the cosine function have the form (2n — 1)7/2
for integer m, so let

o — (2n — 1)7r,
2
with n =1,2,---. Then acceptable values of « are
_(2n—1)r
o= 57

Because A = a2, the eigenvalues of this problem, indexed by n, are

- ((2n2—Ll)77>2

forn =1,2,---. Corresponding eigenfunctions are

o) i (),

or any nonzero constant multiple of this function.
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3. The problem is regular on [0, L];

o[-

is an eigenvalue for n = 1,2, .- -, with eigenfunctions

(2n — 1)7r> .

on(@) = cos ( -

5. The problem is periodic on [—3m, 37]. Eigenvalues are

Ao =0 and )\n:%2forn:1,2,-~ .
Eigenfunctions are

on(z) = ay cos(nx/3) + by sin(nx/3)
forn=20,1,2,---, with a,, and b,, constant and not both zero.

7. The problem is regular on [0,1]. The analysis to find eigenvalues and
eigenfunctions is similar to that done for Problem 6. Take cases on A. It
is routine to check that A = 0 or A < 0 lead only to the trivial solution,
so the problem has no negative eigenvalue and zero is not an eigenvalue.
If A\ = a? for a > 0, then

y(z) = ¢1 cos(azx) + co sin(ax).
Using the first boundary condition,
y(0) —2¢/(0) = 0 = ¢1 — 2c20
so ¢; = 2aeg and
y(z) = 2acy cos(ax) + co sin(ax).
Now use the boundary condition at 1:
y' (1) = —2a2cy sin(a) + e cos(a) = 0.

For a nontrivial solution we need to be able to choose ¢y nonzero. This
requires that
—2asin(a) + cos(a) = 0,

or
tan(a) = —.
(a) = o~
Solutions of this equation must be numerically approximated. There are
infinitely many positive solutions a; < ag < ---, and the eigenvalues are

Aj = aj. The first four eigenvalues are

A1 =~ 0.42676, A2 = 10.8393, A3 = 40.4702, A\, ~ 89.8227.
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Corresponding eigenfunctions are
on () = 2V A cos(v/ M) + sin(v/Anz).

9. The problem is regular on [0, 7]. The differential equation can be written
y" + 2y + My = 0.
and the characteristic equation has roots
—1£V1I-\
Here it is convenient to take cases on 1 — .
Case 1. If 1 — A =0, then A = 1 and the general solution is
y(x) = cre™" + cqwe™".
Now y(0) = ¢; =0, so y(z) = coxze™®. And
y(r) =0=come™ " =0

forces co = 0, so this case has only the trivial solution and 0 is not an
eigenvalue.

Case 2. If 1 — X is positive, say 1 — A = o? with a > 0, then

y(:c) _ 616(71+a)z + 626(717Q)I.

Now
y(0)=c14+c2=0
S0 ¢ = —c1 and
y(x) =c (e(flJra)a: _ e(flfa):v> .
Then

y(m) =c1 (6(7”“0‘)7T — @(*1*04)7T) )

If ¢ # 0, this requires that

which is impossible if & > 0. The problem has no negative eigenvalue.
Case 3. If 1 — )\ is negative, write 1 — A\ = —a?. Now

y(x) = cre™ % cos(ax) + cae” ® sin(ax).
Immediately y(0) = ¢; = 0. Next,

y(m) = coe” " sin(am) = 0.

© 2018 Cengage Learning. All Rights reserved. May not be scanned, copied or duplicated, or posted to a publicly accessible website, in whole or in part.



4.2. EIGENFUNCTION EXPANSIONS o7

To have ca # 0, we must choose
a=VvVA—1=n,
any positive integer. Then A\ = 1 + n?, so the eigenvalues are
M=1+n?forn=1,2---.
Eigenfunctions are
on(x) = e % sin(nzx).
4.2 Eigenfunction Expansions

In Problems 1-5, the weight function is p(z) = 1 (read from the differential
equation). In Problem 6 the differential equation must be put into standard
Sturm-Liouville form to read the weight function p(z) as the coefficient of .

In graphing partial sums of eigenfunctions and comparing them to the func-
tion, note the differences in the number of terms that must be taken to have the
partial sum fit reasonably close to the function. The convergence theorem does
not give any information about how fast an eigenfunction expansion converges
to the function.

1. It is routine to find the eigenfunctions
©n(x) = sin (T

for this problem. The expansion has the form

Z e sin(nrx/2),
n=1

where

_ Sy = ©sin(nng/2) dE.
f02 sin?(nné/2) dé

n

These integrals are

2
/ sin?(nné/2)dé =1
0

and )
2(1 1)
/0 (1 — &) sin(nmé/2) d¢ = %
The eigenfunction expansion on [0, 2] is
Z 20+ D7) sin(nwz/2).

nm
n=1
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0.54

-0.54

Figure 4.1: Comparison of 1 —x and the fortieth partial sum of its eigenfunction
expansion on [0, 2].

Figure 4.1 shows a graph of f(z) =1 — x and the fortieth partial sum of
this expansion. By the convergence theorem, this expansion converges to
1 —2a for 0 < z < 2. Clearly the expansion converges to 0 at both z =0
and x = 2 because the eigenfunctions vanish there.

3. The eigenfunctions are
on(z) = cos((2n — 1)7z/8).
The coefficients in the expansion of f(x) on [0,4] are

. f02 —cos((2n — 1)wz/8) dr + f24 cos((2n — 1)mz/8) dx

Jo cos?((2n — 1)mz/8) du
1 . [(71)”+1 + v2(cos(nm/2) — sin(mr/?))} .

T (2n—1

The expansion has the form

Z cn cos((2n — 1)z /8).

n=1

Figure 4.2 compares f(z) with the sixtieth partial sum of this eigenfunc-
tion expansion. The theorem tells us that the expansion converges to f(x)

© 2018 Cengage Learning. All Rights reserved. May not be scanned, copied or duplicated, or posted to a publicly accessible website, in whole or in part.



4.2. EIGENFUNCTION EXPANSIONS 59
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Figure 4.2: Comparison of f(x) and the sixtieth partial sum of its eigenfunction
expansion on [0, 4].

on (0,2) and on(2,4), as well at to 0 at x = 0 (average of left and right
limits there).

5. The eigenfunctions are

wo() =1, pn(z) = an cos(nz/3) + by, sin(nz/3)

for n = 1,2,---. The coefficients in the eigenfunction expansion of z2 on
[—3m, 3] are
1 3T ) )
ap = — £ d§ = 3n”,
6m —3m
1
ay = 552 cos(n&/3) d¢ = %(—1)”,
1 3
bn = 3- . £2sin(ng/3) d¢ = 0.

The eigenfunction expansion is

o0 71 n
31?2 + 36 Z ( n2) cos(nx/3).
n=1

Figure 4.3 shows f(x) and the fifth partial sum of this eigenfunction expan-
sion. By the theorem, the expansion converges to x2 for —37 < = < 37.
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Figure 4.3: Comparison of f(z) and the fifth partial sum of its eigenfunction
expansion in Problem 5.

7. Recall that the complex conjugate of z = a+ib is Z = a —ib. Suppose A is
an eigenvalue of a Sturm-Liouville problem, with eigenfunction ¢(x). By
taking the complex conjugate of the Sturm-Liouville differential equation
and appropriate boundary conditions, it is routine to check that X is also
an eigenvalue with eigenfunction @(z). If A is complex and not real, then
X # ), so the eigenfunctions must be orthogonal with respect to the weight
function p, and

Now,

b
/ p(z)|p(z))?| dz = 0.

This is impossible because p(z) > 0 on (a,b) and ¢(x) is continuous and

not identically zero on the interval. This contradiction shows that A = A,
SO A is real.
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4.3 Fourier Series
1. The Fourier series of f(z) =4 on [—3, 3] has the form

%ao + Z[an cos(nmwx/3) + by, sin(nwxz/3)].

n=1

All that is left is to compute the coefficients. First, because f(z) is an
even function, each b, = 0. Compute

and, forn=1,2,---,

3
ap = ;/ 4cos(nmx/3)dE = 0.
0

With each a, =0 for n =1,2,---, the Fourier series is

1
QCEQ =4.

This series consists of a single term, namely the constant term (which
seems obvious by hindsight, if not noticed immediately). This one-term
series converges to 4 on [—3, 3].

3. Because cosh(mx) is an even function, each b, = 0 in the Fourier series,
which will have the appearance

1 o0
540 + Z ap, cos(nmx).

n=1

Compute

™

1
2
ag = 2/ cosh(mz) dx= sinh(r)
0

and, forn=1,2,---,

1
ap, = 2/ cosh(mz) cos(nmz) de =
0

™ 1+n?
The Fourier series is
1, =, 2sinh(7) (—1)"
- sinh(7) + Z Y 1im? cos(nmx).

n=1

This series converges to cosh(nz) for —1 < z < 1. Figure 4.4 shows a
graph of f(z) and the eighth partial sum of this Fourier series.

© 2018 Cengage Learning. All Rights reserved. May not be scanned, copied or duplicated, or posted to a publicly accessible website, in whole or in part.



62CHAPTER 4. STURM-LIOUVILLE PROBLEMS AND EIGENFUNCTION EXPANSIONS

Figure 4.4: Comparison of f(x) and the eighth partial sum of the Fourier series
in Problem 3.

5. The Fourier series of f(z) on [—7, 7] is

16 1
T (2n —1)2

n=1

sin((2n — 1)x).

This series converges to

—4 for —m < x <0,
4 for0 <z <m,

0 for x =0, —m, 7.

Figure 4.5 is a graph of f(x) and the twentieth partial sum of this Fourier
series.

7. The Fourier series of f(z) on [—2,2] is

1
2 — si 2)|.
5 cos(nmz/2) + — sin(nma/2)

This series converges to

22—z +3 for —2<x<2,
7 for x = +2.
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Figure 4.5: Comparison of f(z) and the twentieth partial sum of the Fourier
series in Problem 5.

At the endpoints,
SU(24) + [2) = 5 0+5) =T,

Figure 4.6 shows f(z) and the twentieth partial sum of this Fourier series.

9. The Fourier series of f(z) on [—7, 7] is

3+ 2 OOE ! sin((2n — 1)x)
- — 1n — .
2 miean 1 T

This series converges to

1 for —m <z <0,
2 for0 <z <,
3/2 forx=0,—m,m,

Figure 4.7 shows the function and the thirtieth partial sum of the Fourier
series in Problem 9.

11. The Fourier series of cos(z) on [—3, 3] is

g (3) + 65sin(3) E 7( Dl (nma/3)
in in .
3s s 2 55 9cos nwT
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Figure 4.6: Comparison of f(z) and the twentieth partial sum of the Fourier

series in Problem 7.
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Figure 4.7: Comparison of f(x) and the thirtieth partial sum of the Fourier

series in Problem 9.
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Figure 4.8: Comparison of f(z) and the fifth partial sum of the Fourier series

in Problem 11.

This converges to cos(z) on [—3,3]. Figure 4.8 is a graph of f(z) and the
fifth partial sum of this Fourier expansion on [—3, 3].

It might seem at first that cos(z) should be its own Fourier expansion,
but this problem illustrates the importance of the interval. If you expand

cos(z) in a Fourier series on [—, 7], you obtain just cos(z).

not the expansion on [—3, 3].

But this is

13. The Fourier series of f(x) on [—3, 3] converges to

3/2
2z
-2
0
1/2

$2

15. The Fourier series converges to

-1
3/2
5/2
f@)

for z = 43,
for —3 < x < -2,
for x = =2,
for -2 < x <1,
for x =1,

forl <z <3.

for x = +4,

for x = -2,

for x = 2,

for all other x in [—4, 4].
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Figure 4.9: Comparison of f(x) and the thirtieth partial sum of the Fourier
cosine series in Problem 21.

17. The argument is like that used in Problem 16, except now use the fact

that f(—z) = —f(x).

19. Suppose f(z) is both even and odd on [—L, L]. Then, for every x in this
interval,

f(@) = f(=z) = = f(2).
But then f(x) =0, so f(x) is identically zero on the interval.

21. The cosine series is

S

2n —

3

—— Z (_1)71 cos((2n — 1)mx/2).

This converges to
1 for 0 <z <1,
0 forz=1,
-1 forl<az<2.

Figure 4.9 compares the function to the thirtieth partial sum of this cosine
series.
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Figure 4.10: Comparison of f(z) and the seventieth partial sum of the Fourier
sine series in Problem 21.

The sine series is
2 oo
— E 1+ (=1)"™ = 2cos(nw/2))sin(nmz/2),
T
n=1

which converges to

1 for0<z<1,

0 forx =0,1,2,

-1 forl<z<?2.
Figure 4.10 shows f(z) and the seventieth partial sum of this sine expan-
sion on [0, 2].

23. The cosine series is
s }wj (20— 1))
— 5 cos((2n — D)7
2 — (2n —1)2 ’

converging to 2x for 0 < x < 1.

The sine series is
o0

4

s
n=

sin(nrx),

converging to 2z for 0 < x < 1 and to 0 for x = 0 and for z = 1.
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25. The cosine series is

1= (=1)e !

—1—e' 42>
n=1

converging to e~ * for 0 <z < 1.

T+ 22 cos(nmx),

The sine series is

QWZ%I [JWQ - (1)"61)] sin(nmz),

converging to e”* for 0 <z <1 and to 0 at x =0 and at = 1.

27. The cosine expansion is

_% + % Z %cos(mr/B) sin(2nm/5) cos(nmzx/5),

n=1

converging to

1 for0<z <1,
1/2 forz =1,
0 forl<z<3,
—1/2 for =3,
-1 for 3 <z <5.

Figure 4.11 shows the function and the sixtieth partial sum of this cosine

expansion.

The sine series is

% Z %(1 + (=)™ — 2cos(nw/5) cos(2nn/5)) sin(nwz/5),

converging to

1 for0 <z <1,

1/2  forxz=1,

0 forl<z<3,z=0,0rx=>5,
—1/2 for x =3,

-1 for 3 <z < 5.

Figure 4.12 shows f(x) and the one hundredth partial sum of its sine

expansion on [0, 5].
29. The cosine series is
24 X1

T2 n?
n=1

-1
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1 <4
0.5
0 T ’\V T AV T T 1
il 2 4 5
X
-0.5 1
“14 V/\VA
Figure 4.11: f(z) and the sixtieth partial sum of the cosine series in Problem
27.
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Figure 4.12: Comparison of f(z) and the hundredth partial sum of the sine
series in Problem 27.
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converging to 1 — 22 for0 <z <2.

The sine series is

2 1 48
— —14+7(-1)" — i 2).
- nz::l - [ +7(-1) 53 sin(nma/2)

This series converges to 1 — 22 for 0 < z < 2 and to 0 at x = 0 and = = 2.
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Chapter 5

The Heat Equation

5.1 Diffusion Problems on a Bounded Medium

For the first three problems, separate the variables by letting u(x,t) = X (z)T'(t).
The boundary conditions u(0,t) = u(L,t) = 0 leads to eigenvalues

A =53

for the separation constant, and corresponding eigenfunctions
X, (z) = sin(nmz/L).
Corresponding solutions for 7" are
To(t) = e~ ™ H/LY,

Solutions of these problems therefore all have the form
e 2_2 2
u(zx,t) = Z cnsin(nma/L)e ™ LT
n=1
in which ¢, is determined by the initial condition u(x,0) = f(x) by

2 L _
=2 / F(€) sin(nme /L) d.

Therefore, for these problems, all we need do is evaluate these integrals for the
coefficients.

1. With f(z) = (L — x),

L 2
en = %/0 ¢(L — &) sin(nré/L) d¢ = %(1 = (=D").

71
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72 CHAPTER 5. THE HEAT EQUATION

The solution is

(1) = 30 A2 (1 (1)) (/g b
u(x,t) = —{- in(niz/L)e .
J P 373

We can also observe that

1= (1) = 0 if nis even,
12 ifnisodd,

so the solution can also be written by summing over just the odd positive
integers. This can be done by replacing n with 2n — 1 in the summation:

82 & 1

; —k(2n—1)*nt/L?
?n:1msln((2n— ].)ﬂ'x/L)e ( ) / .

u(x,t) =

3. Here k =3 and f(z) = L(1 — cos(2wz/L)). Compute

o L S i 2
en =2 / L(1 — cos(2m¢ /L)) sin(nré /L) dé — {Omf(" -y ifn#
0

for n = 2,

Because (—1)™ — 1 =0 if n is even, and —2 if n is odd, we actually have

o 16L
" nm(n? —4)
forn =1,3,5,---. We can write the solution as
16L 1
u(z,t) = ——— sin((2n—1)7rx/L)e_3(2”_1)2”2t/L2.

et 2n—1)((2n—1)2—4)

Problems 4-7 have insulated boundary conditions, so separation of variables
by putting w(z,t) = X(x)T(t) leads to eigenvalues and eigenfunctions Ay =
1,X;=1and, forn=1,2,---,

n?n?

A=

X, (x) = cos(nmx/L).
We also find that 5 9,0
Tn(t) _ e—kn Tet/L

as in the case of boundary conditions u(0,t) = u(L,t) = 0. Now the solution
has the form

1 o0
u(z,t) = 50 + Z Cn cos(mr:c/L)e_k"Q”Zt/Lz,

n=1
where

n = =+ f(€) cos(nmé /L) de.
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5. Now k =4, L = 2r and f(x) = z(27 — z)?. The coefficients are

27
R R
T 0 3
and, forn=1,2,---,
1 2T
cn=— | &(2m—€)cos(né/2) de
™ Jo
16
= —m(n%Q —6(1—(=1)")).

The solution is
2 3
)= 2
u(zx,t) 37

— 16 n*7? — 6(1 — (—1)"
- 2T (4 (=1 )cos(nx/Q)e_"2t.
n

n=1
7. In this problem L = 6,k = 2 and f(z) = x cos(mz/4). The coefficients in

the solution are

_§2+37r
3 72’

6
= [ €coste/a)de =
3 Jo
and, forn=1,2,---,

6
Cn = %/0 & cos(m&/4) cos(nmwg/6) d€

24(—18 — 8n2 — 27m(—1)" + 127n2(—1)")
72(2n — 3)2(2n + 3)2 '

The solution is

+ Z Cn cos(mr;v/G)e_"Z”Qt/w.

n=1
9. The initial-boundary value problem for the temperature function is

Up = Ugyy for 0 < x < L,t >0,
u(0,t) = uy(L,t) =0,
Bx
Separate variables by putting u(x,t) = X (x)T'(t) to obtain

X"+ 2AX =0;X(0)=X"(L)=0
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and

T" + \kT = 0.
By taking cases on A, we find the eigenvalues and corresponding eigen-
functions:

2

2n —1
A\, = ((”QL)”> and X, (z) = sin((2n — 1)7z/2L).

Further,

T (1’) — e—k(2n—1)2ﬂ'2t/4L2.
The solution has the form

= Z cp sin((2n — 1)71':5/2L)efk(2”71)2”2t/4L2.

n=1

The coefficients are

2 (B |
Cpn = Z/O ffsm((Zn — 1)m&/2L) d¢
—8B n
= men-n
The solution is
B = 1 " _ n— 271_2 2
u(ac,t) = *72 Z 271_)1) Sln((?n _ 1)7m/2L) k(2n—1) t/4L

11. Make the transformation u(z,t) = e** Pty (x,t). Following the discussion
of the text, let « = —A/2 = —4/2 = —2 and § = k(B — A2/4) = —2 also,
so

u(z,t) = e 2 2y(x, 1)
and v is the solution of the problem
Vp = Vg for 0 <z < m,t >0,
v(0,t) = v(m,t) =0,
v(z,0) = e**u(z,0) = ze** (1 — ).

This has the solution

Z ¢ sin(ne) tt,
n=1
where
2 us
ch = — / 5625(7r — &) sin(n€) d¢
T Jo
4 . T n
— ATy [24n — 2n® + 16nm + 4nsm — 24ne®™ (—1)

+2e*"n?(—1)" + 16nme™ (—1)" + 4n’me*™ (—1)"] .
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The solution of the original problem is

u(z,t) = e 2" 2y (x, t).

13. Here we have A =6,B =0,k = 1,L = 7 and u(z,0) = f(x) = z(7 — z).
Let « =3 and = —9 and let

u(z,t) = 32 9% (a, t).
The v(x,t) satisfies

Vp = Vg for 0 <z < m,t >0,
v(0,t) = v(m,t) =0,

v(z,0) = e 37 f(x) = x(7 — 2)e ",

The solution of this problem is

i 2
v(z,t) = Z Cp sin(nz)e™™ !,
n=1
where

=2 "3 (m — ) sin(ng) d

= ﬂn;liig)g(l — (=1)"e73™)(3m(n? + 9) +n? — 27).

The original problem has the solution

v(x,t) = e Mu(x, t).

15. Let u(z,t) = v(x,t) +¢(x). To get a standard problem for v(x,t), choose
¥(x) so that ¥ = 0 and

¥(0) =T,4(L) = 0.
Then T
¥(e) = (L —2)
The problem for v is

vy = kvg, for 0 <z < L,t >0,
v(0,t) = v(L,t) =0,

v(x,0) = u(z,0) — (x) = 2(L —z)? — %(L —x).

This has the solution

oo
v(z,t) = Z Cp sin(nma/L)e k'™ /L%
n=1

© 2018 Cengage Learning. All Rights reserved. May not be scanned, copied or duplicated, or posted to a publicly accessible website, in whole or in part.



76 CHAPTER 5. THE HEAT EQUATION

where
L
e = %/0 {5(1 62— %(L - 5)] sin(nma/L) d¢
- n327r3 [—n®mT + 4L° + 2L%(—1)"] .

17. Let u(x,t) = v(z,t) + h(z) and substitute this into the initial-boundary
value problem to choose h(x) and obtain a standard problem for v(z,t).

We find that .
h(z) =T (1 - E)
and the problem for v(z,t) is

vy = Qg for 0 < x < L, t > 0,
v(0,t) = v(L,t) = 0,

o(z,0) = —T (1 - %) .

This has the solution

v(z,t) = Z Cn Sin(nﬁx/L)e_9”2W2t/L2’

n=1
where .
2 2T
Cn = Z/o =T (1 — i) sin(nw€/L)d¢ = -—
Then
2T < 1
u@,)) =T (1= 7) = = 3" ~sin(ama/Lye 70/,
Vs

n=1

5.2 The Heat Equation With a Forcing Term
F(x,t)

In Problems 1-5, notation of the text is used for B, (t), b, and T, (t). Note that
the second term in the solution for u(z,t) is the solution to the problem without
the forcing.

1. Here k =4,L =7, f(x) = z(r — ) and F(z,t) =t. We need

Ba(t) =2 [ tsin(ng) d = 221~ (-1
b= 2 [ 1@ sintng) d = 50 - (-1,
0
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5.2. THE HEAT EQUATION WITH A FORCING TERM F(X,T) 7

and

t
Tn(t) = /0 e_4n2(t—T)Bn(T) dr + bn€_4n2t

1

The solution is

(1)) (=14 4n’t + 674”%) sin(nx)

i_'f

% 1)) sin(na)e it
3. First,
By (t) = ?/Ostcos(g) sin(nmé/5) dé
S )
- 2/05 €2(5 — €) sin(nmé /5) d¢ = :307?3 (1) 1)
and

T (t) = 50(1 — cos(5)(—1)™) < 5

2 7n27r2t/25)
t—25+25 .
n3w3(n?mr2 — 25) +aoe

The solution is

U(SL‘, t) — Z 50(1 — 608(5)(_1)n) (n27r2

—n272t/25Y
3 (r2n? — 25) t—25+25e™" ) sin(nma/5)

n=1

+ 3 20 1y 1) sin(na/5)e T2,

Sometimes a graphic can display features of a solution. This is done for
Problem 3 (Section 5.2). Figure 5.1 shows part of a surface plot of the solution
without the forcing term, and Figure 5.2 shows the solution with the forcing
term. In Figure 5.1, the temperature decreases quickly to zero, without the
introduction of new energy, while in Figure 5.2 this does not occur.

5. First compute

6t
(-1 n+1
—(=1)

)

3
_ % /0 ¢t sin(nne/3) df =
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Figure 5.1: Solution surface for Problem 3, without effects of the forcing term
included.

Figure 5.2: Solution surface for Problem 3, including effects of the forcing term.
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9 3 2K
b, = 7/ K sin(nmé/3) dé = “—(1 — (—=1)"),
3 0 nm
and ( ) +1
_ 21D a2 ~16n7*t/9
Ta(t) = g 55 (16077 — 9+ e )

The solution is

S 27(_1)n+1 2_2 —16n272t/9Y
u(z,t) = Z W(mn ™ —9+49e ) sin(nmwz/3)
1

= 2K s Clen?a?
*ZE@’H) ) sin(nma/5)e 167 Tt/
n=1

5.3 The Heat Equation on the Real Line
1. With f(z) = e~1*l, compute

ay, = 1/00 e~ 1¢ cos(wé) dé = s_1

T T 116 4 w?

and b, = 0 because f(x) is an even function on the real line. The solution
is

8 [~ 1 e
u(z,t) = ;/0 mcos(wa:)e .

The solution can also be written in the form

1 /°° e lel~(a—€)? 4kt g

20kt

u(x,t) =

3. The coefficients are
1/45 (w€) d§ L (dwsin(4w) + cos(4w) — 1)
w = — = 11n —
a = cos(w — wsin(4w) + cos(4w

and .
1 1
by = ;/0 Esin(wg) d¢ = W(sin(élw) — 4w cos(4w)).

The solution is
u(z,t) = / (ay, cos(wz) + by, sin(wx))e_‘"zkt dw.
0
We can also write

u(x,t —(z=6)*/4kt dg.

1 4
):2\/77@/0 <€
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In each of Problems 5-8, the solution has the form
u(z,t) = / [a., cos(wz) + by, sin(wx)}e_wzkt
0

and just a,, and b, are given

5. a, = 0 because f(z) is an even function, and

4(1 - cos(w))'

b, =

7. Each b, = 0, while
2 cos(mw/2)
Ay = ————5—.
(1 — w?)

9. Let -
Fz) = / =< cos(aC) dC.
0

By differentiating under the integral sign and then integrating by parts,
we obtain

F’(J;):/O —Ce_CZ sin(z¢) d¢

= %Ce’gz sin(x()] - %a:/o e ¢ cos(x() dC

0
= 7%1’/0 e < cos(x() d¢
= —%xF(x)

The linear differential equation

F'(x) + %xF(z) =0

has the general solution
F(z) = ke_xz/‘l,

with k& an arbitrary constant. However, we also know that

FO)= [ e ac=gvm,

an integral that can be found in tables and is widely used in statistics.
Therefore

F(z) = /000 e cos(z¢) d¢ = %\/7?6_”32/4.
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Now let z = /8 to obtain

T e eos 28 de = L /meaia?
/0 e COS(6>dC—2ﬁe )

Finally, this integral is half the value of the integral of the same function
from —oo to 0o, so

/ e~ cos (OéﬁC) d¢ = \/Eefo‘Q/‘mQ.
This is equation (5.17).

5.4 The Heat Equation on a Half-Line

In each of Problems 1-4, the initial condition is u(z,0) = f(z) and the solution
has the form

u(z,t) = / b sin(wx)e*szt dw,

where

0
m:§A F(€) sin(we) de.

1. Compute

b, = 2/ e sin(wé) d¢ = 2w
0

™ w2+ a?’

so the solution is

(oo}
W : —kw?t
t) =— — dw.
u(x,t) 7r/0 1 sin(wz)e w

3. The coefficients are

2 b _ 21— cos(hw)
by = 7r/0 sin(wf)d§ = ———=,

™ w

and the solution is

2 (11— 2
u(z,t) = f/ Msin(wx)e"“" dw.
0

s w

In Problems 5-8, the heat equation is to be solved on the half-line = > 0,
but the initial condition is now the insulation condition us(x,0) = f(z). Now
the solution is

oo
u(m,t):/ ay, cos(wx)e“"zktdw,

0
where 5 foo
0o=2 [ 1 costue) de.
0

We will just give a,, for each problem.
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4
oo == [ ete+ 1) coste) de

pes (20w? sin(4w) — w — 2sin(4w) + 9w cos(4w))
™

9
a, = %/5 4 cos(w) d¢

8(sin(9w) — sin(bw))

5.5 The Two-Dimensional Heat Equation

With the condition of zero initial temperature on the sides of the rectangle, and
initial temperature u(zx,y,0) = f(z,y), the solution is

Z Z Com sin(nma /L) sin(mmy/ K )e™»mFt

where

and
L K
o = 70 / / F(&.m) sin(né /L) sin(mrn/ K) dn .

In the problems we will give the values of a,., and ¢y, for the particular initial
temperature function.

1. Here k =1, L and K are positive numbers, and
flx,y) = o(L —2)y* (K —y).

Because f(z,y) is a product of a function of z and a function of y, we

have
4 g ; e — n) sin(mr
c"m_LK</O g(L—g)SIH(nwg/L)d,g) (/0 n*(K —n) sin( n/K)dn>
= S (1~ (1)) (L4 2(-1)")
and
n2n2  m2r2

Gnm = 7ot g
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3. Nowk=1and L = K =, and

com =25 ([ sinteysintug) ae) ([ neostu/ costmman).

T2

™ ) B 71'/2 if n= 1,
/o sin(&) sin(ng) d¢ = {0 forn=2,3,---.

Therefore, in the double summation for u(x,y,t), we have only ¢y, terms
and the summation is for m = 1 to co. Completing the computation of
the integrations with respect to 7, we obtain

_ 32m(—1)"t!
Lm = T gmz —1)2

Further,
o =14+ m?2.

The solution is

— 32m(—1)m*+t _ (1wt
u(z,y,t) = Z — 5y sin(z) sin(my)e (A+m5)e
A~ (4m* —1)
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Chapter 6

The Wave Equation

6.1 Wave Motion on an Interval

For each of Problems 1-8, the problem involves the wave equation on [0, L], with
fixed ends, initial position y(x,0) = f(x), and initial velocity y;(x,0) = g(x).
The solution is

y(a,t) = i lan cos(nmet/L) + by sin(nmet/L)] sin(nrz /L),
=
where ,
a=1 | H@sintome/L) de
and ) .
b= o [ a(@)sintum /1) de

1. Here ¢ =1, L = 2, the initial position is given by f(z) = 0, and the initial
velocity is
2¢ for0<x <1,
g9(x) =
0 forl<a<2.

In the general expression for the solution, then, we have a,, = 0 for n =
1,2,--- and

2 gty sin(une/2)

nm

bn

9 1
E/o 2¢ sin(nmwé/2) d¢

= %[2 sin(nm/2) — nw cos(nm/2)].

85
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The solution is

% Z % 2sin(nm/2) — nw cos(nw/2)] sin(nmz/2) sin(nwt/2).

3. Each a,, =0 and

3
by = L 5(3 &) sin(nmz/3) d€ = ﬁél(l —(=D").

nm A

The solution is
= 54
- Z At (1-
n=1

Because (1 — (—=1)™) is 2 if n is odd, and zero if n is even, we can also
write the solution by summing only over the odd positive integers. This
is achieved by replacing n with 2n — 1 in the expression being summed,
and replacing each (1 — (—1)") with 2:

—1)") sin(nmx/3) sin(2n7t/3).

Yot =3 % sin((2n — 1)ma/3) sin(2(2n — 1)t /3).

n=1

5. The solution is

n+1

?4 Z 2n7 I sin((2n — 1)z/2) cos((2n — 1)V/2t).

7. The solution is

y(z,t) = —% ﬁ sin((2n — 1)ma/2) cos((3(2n — 1)7t/2)

n—=

1
+ % Z %[cos(mr/él) — cos(nm/2)] sin(nwz/2) sin(3nmt/2).
n=1

9. Let y(z,t) = Y(x,t) + ¢(z) and substitute into the wave equation
Yt = Yot = BYza + 22 = 3V + 30" () 4 22
Choose 9 (x) so that 3¢"(z) + 2x = 0. This means that
Y(z) = —%x?’ + cx +d.

Now,

y(O,t) = Y(Ovt) + w(o) =
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so let d =0 to have ¢(0) = 0. Then Y (0,¢) = 0.
Next 8
y(2,t) =Y (2,t) +¢(2) =Y (2,t) — 9 +2c=0.

We will have Y'(2,¢) = 0 if ¢ = 4/9. This means that

1 4 1
Y(x) = —§x3 + g% = §x(4 —2?).
The problem for Y (x,t) is

Yie =3Y,, for 0 < x < 2,t >0,
Y(0,t) =Y(2,t) =0,

Y (,0) = y(a,0) ~ ¥(e) = ga(e® ~4).

The solution for Y(x,t) is

Y(z,t) = Z 32 (1" sin(nmx/2) cos(nm,/t/2).

3 n3n3
The original problem has the solution
1
y(z,t) =Y (x,t) + §$(4 —z?).

11. Let y(z,t) = Y(z,¢) + ¢(x). Substitute this into the wave equation to get
Yir = Yot = Yow = Yoo + 9" () — cos(z).
This will give us Yy = Yy, if ¥”(x) = cos(x), which means that
Y(x) = —cos(x) + cx + d.

Now
y(0,t) =0=Y(0,t) + ¢(0) = -1 +d.

This will give us Y(0,¢) = 0 if d = 1. Next,
y(2m,t) =0 =Y (27, t) — cos(2m) + 2me + 1.
This will give us Y(27,0) =0 if ¢ = 0. Then
Y(x) = —cos(z) + 1.

Finally,
y(x,0) =Y (2,0) —cos(z) +1 =0

implies that Y (z,0) = cos(z) — 1. And

y(z,0) = Yy(z,0) = 2.
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The problem for Y (x,t) is:
Y =Y, for 0 <z < 2m,t >0,
Y (0,t) =Y (2m,t) =0,
Y (z,0) = cos(z) — 1,Y¢(z,0) = x.

This has a solution of the form

oo

Y(x,t) = Z[an cos(nt/2) + by, sin(nt/2)] sin(nx/2),
n=1
where
1 27
=+ / (cos(€) — 1) sin(né/2) de
™ Jo
_ % lf n iS Odd,
0 if n is even,
and
b= 2 [ csinne/2)de = S (-1
= sin(n. = .

These coeflicients determine Y (z,t), and then y(z, t) = Y (x,t)+1—cos(z).

13. Let y(x,t) = Y (x,t) + ¢(x) and substitute this into the wave equation of
the problem to choose ¥ (x) so that

7" (z) + 7% = 0,1(0) = ¥(2) = 0.
This leads to

Now
Yie = TY,, for 0 < x < 2,t >0,
Y(0,t) =Y(2,t) =0,
Y (z,0) = —¢(z), Yi(z,0) = 5z.
This has the solution

o0

Y(z,t)=Y [an cos(nmV/Tt/2) + by sin(nmy/Tt/2)| sin(nrz/2),
o
where
an = /02 <;e—f — i(e‘Q —1)¢ - ;) sin(nmé/2) dé
= 2 gy (A e (1) Tt ()" e (1)),
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6.1. WAVE MOTION ON AN INTERVAL 89

and
40(_1)n+1

2 2
b, = 5¢sin(nmé/2)d§{ = ——————.
— [ sesintnme 2 ae =
These coefficients determine Y (z,t), and then y(z,t) = Y(x,t) + ¢ (z).

15. (a) Substitute y(x,t) = X («)T'(t) into the fourth-order differential equa-
tion to get
XW - AX =0,T" + \a*\T = 0,

with A the separation constant. Note - by rearranging terms differently,
we can reach different separated equations for X and T. For example, we
could have kept the a* factor with the X terms.

(b) Consider cases on A, noting that the boundary conditions are

X"(0) = X"(r) = X®(0) = X®)(7) = 0.

Case 1 - Suppose A = 0. Then X (x) = 0 and four integrations give us
X(z) = A+ Bz + Cz* + DX3.

The boundary conditions force C' = D = 0, while A and B are arbitrary.
Therefore 0 is an eigenvalue of this problem, with eigenfunctions Xo(z) =
A + Bz, with A and B not both zero. In this case solutions for T are
T(t) = o+ pt.

Case 2 - Suppose A < 0. The notation is simplified if we set A = —4a?,

with a > 0. The differential equation for X is
XW 440X =0,
with characteristic equation r* + 4a* = 0. This has roots
1+, (1 —d)a,(—1+4)a and (-1 —i)a.
In this case solutions are
X(z) = e*®(Acos(ax) + Bsin(ax)) + e~ **(C cos(ax) + Dsin(ax)).

Apply the boundary conditions to this general solution to obtain:

B-D=0,
A-B-C-D=0,
— Ae“" sin(am) + Be®™ cos(am) + Ce™ " sin(ar) — De™*" cos(ar) =0,

— Ae“"(cos(am) + sin(am)) + Be®™ (cos(am) — sin(am))

— Ce™ " (cos(am) — sin(anm)) — De™*"(cos(am) + sin(am)) = 0.
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90 CHAPTER 6. THE WAVE EQUATION

This is a 4 x 4 homogeneous system of linear algebraic equations. This
system has a nontrivial solution if and only if the determinant of the
coefficients is zero:

cosh(2ar) — cos(2ar) = 0.

But this equation is satisfied only by o = 0, and in this case a > 0.
Therefore the system has only the trivial solution A =B =C =D =0,
and this problem has no negative eigenvalue.

Case 3 - Suppose A > 0, say A = a* with a > 0. Now X —a*X =0,
and the characteristic equation has roots

a, —Q, at, —o.
The general solution is
X (x) = Acos(az) + Bsin(az) + C cosh(ax) + D sinh(ax).

The boundary conditions give us four equations:

- A4+ C=0,
— Acos(am) — Bsin(ar) + C cosh(am) + D sinh(ar) =0,
~B+D=0,

Asin(ar) + Bcos(ar) + Csinh(am + D cosh(ar) = 0.

From the first and third equations, A = C and B = D. This reduces the
system to the second and fourth equations in two unknowns:

C(cosh(ar) — cos(am)) + D(cosh(ar) — sin(an)) = 0,
C(sinh(ar) + sin(ar)) + D(cosh(ar) — cos(ar)) = 0.

This 2 x 2 system has a nontrivial solution if and only if the determinant
of the system is nonzero. This requires that

cos(am) cosh(ar) = 1.

It may not be obvious, but this equation has infinitely many positive
solutions for a (two are 2.499752670 and 0.000000207171091). If these
solutions for av are listed a3 < ap < ---, then \,, = a? is an eigenvalue of
the problem. Eigenfunctions then have the form

Xn(z) = Acos(apz) + Bsin(a,x) + C cosh(a,x) + D sinh(a,x).

6.2 Wave Motion in an Unbounded Medium

For the wave equation on a the real line,

Ypt = CYpp for — oo < x < 00,t > 0,
y(x,0) = f(x),y:(x,0) =0,
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specifying an initial position but zero initial velocity, a solution can be found
very much like the problem for an interval [0, L], with Fourier integrals replacing
the Fourier series seen in the bounded interval case. The solution is

y(z,t) = /000 [a., cos(wzx) + b, sin(wz)] cos(wet) dw,

where

Gy = %/_ (&) cos(wg) d€

and

=2 [ O:o £(€) sin(w) de.

If y(x,0) = 0 and y(x,0) = g(x) (string released without initial displacement,
but with initial velocity g(z)), then the solution is

y(x,t) = /Ooo[ozw cos(wz) + B, sin(wz)] sin(wet) dw,

where ) -

oy = P - g(&) cos(wg) d¢
and ) -

Bu = P . g(f) sin(wf) dg.

If the problem has f(x) and g(x) both nonzero, then the solution is the sum of
the solution with zero initial velocity, and the solution with no initial displace-
ment.

1. With ¢ = 5, f(x) = e~ %l and g(z) = 0, compute

a, = 1 /00 e %1l cos(wé) de =

™

10
(25 +w?)m

and b, = 0 because f(z) is an even function. The solution is

1 ° 1
y(x,t) = ?O/o (W) cos(wx) cos(12wt) dw.

3. Compute the coefficients to determine the solution

y(o,t) = /0 oo( Sm(“")) sin(wz) sin(dwt) dw.

 2mw(w? — 1)
5. The solution is

y(z,t) = /Ooo[aw cos(wz) + S, sin(wz)] sin(3wt) dw,
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where
1 Y. 1  2cos(w) — wsin(w)
= de =
W= 3w 1 e cos(wt) dg 3erw 4+ w?
and
1 o 1 2sin(w) 4+ wcos(w)
o = —— 5 d¢ = .
A 3rw Sy e sin(we) dS 3e2mw 4+ w?

7. The solution for the problem with the given displacement and zero initial
velocity is

y1(z,t) = /Ooo[aw cos(wx) + b, sin(wx)] cos(Twt) dw,

where
/ (&) cos(wg) d¢
_ sin(w) — 2sin(2w) + 3 sin(5w)
B Tw
and
5
=~ [ r©sinwe) de
cos(w) + 2 cos(2w) — 3 cos(bw)
B w '

The solution for the problem with the given velocity, but zero initial dis-
placement, is

ya(z,t) = /Ooo[aw cos(wzx) + B, sin(wz)] sin(7wt) dw,

where
1 1
Qa, = %/ e~ l¢ cos(wé) de
—1
2
= —m(e_1 cos(w) — we ™ tsin(w) — 1)
i w
and
1 ' =€l g3 d 0
ﬂw—%/_le sin(w§) d€ = 0.

The solution of the problem with initial displacement f(x) and initial
velocity g(x) is
y(z,t) = yi(z,t) + ya(z,t).
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9. Following the notation of Problems 7 and 8, form y; (z, t) with coefficients

2
Qg = %/_25005(0.)5)(15:0

and

1 2
be in(wé) d
/fs (w€) de

™

_ 2sin(2w) — 4 cos(2w)
= 5 .

w
And ya(z,t) has coefficients

4 3
Oy = — €2 cos(w€) d¢
Tw J_g
_ 8 2 . .
= — (9w sin(3w) — 2sin(3w) + 6w cos(3w))
and 5, = 0.

The solution is
y(z,t) = / ap, cos(wx) cos(wt/4)
0

Jr/o B sin(wz) sin(wt /4).

For the problem on a half-line [0, 00), there is a boundary condition which
we will take to be

y(0,¢) =0

along with initial conditions

y(x,0) = f($)7yt(.%',0) = g(ﬂ;‘)

for £ > 0. The solution has the form

y(z,t) = /OOO[AW cos(wct) + By, sin(wct)] sin(nwz) dw,

where
2 o0
a=2 /0 £(6) sin(we) de
and
2 o0
B.=2 /0 9(¢) sin(we) de.
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11. Here A, =0 and

9 11
“ 7 3rw 4
_ 4(cos(4w) — cos(11w))

2sin(wf) d¢

3mw?

The solution is

y(x,t) = sin(wz) sin(3wt) dw.

4 /°° cos(4w) — cos(11w)
3 0 CLJQ

13. With g(z) =0, B, = 0 and

A, = g/ —2¢~ ¢ sin(wé) d¢
T Jo
M
(1 +w?)’

The solution is

4 oo
y(z,t) = —7/ ww sin(wz) cos(6wt) dw.
0

T 1+ w?
15. Compute
9 1
A, = —/ (&) sin(wé) d¢

T Jo
2sin(w)

T a2 2

and

4
B, = ﬁ /0 9(€) sin(we) d

2

— m(l — 2 cos(w) + cos(4w)).

The solution is

y(x,t) = /OOO[Aw cos(v13wt) + B, sin(v13wt)] sin(wz) dw.
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6.3 d’Alembert’s Solution and Characteristics

1. The characteristics are the lines x —t = k1 and x + t = ko, with k; and
ko arbitrary real numbers. d’Alembert’s solution of the problem is

1 1 x4+t
vot) =5l =02+ @roP g [ e
T—t
1 1 -+t
= _[2% — 2xt +t* + 2 + 2wt + % — [52]
2 27 |,
=22 — zt + 2.

3. characteristics: x — 7t = k1, x + Tt = ko;
1 5, 49 5
y(x,t) = i[cos(w(x —Tt)) + cos(m(x + Tt))] + t — a*t — Et
This solution can also be written
1 49
y(z,t) = 3 cos(mx) cos(Tmt) 4+t — xt — Etg.
5. characteristics: x — 14t = ki, z + 14t = ko;

1
ya,t) =5 [P M 4 e H] 4
= e” cosh(14t) + xt.

7. characteristics z — /3t = ki,x+ V3t = ko;

1
y(z,t) = 5 |:e—3|z—\/§t| + e—3|m+\/§t|j|

sin (I + \/§t> — sin (z — ﬁt)]
2 2

9. The solution with y(z,0) = f(z) = sin(z) is

1
+ —

V3

1
y(z,t) = —(sin(z — t) + sin(z + t)).
x
With y(x,0) = sin(z) + ¢, the solution is
1
Ye(x,t) = isin(w —t)+e+sin(z+1t)+e=y(x,t)+e

11. Now

y(x,t) = e3@=) L sin(4(z + ct)
— 3w Bct + Sin(4(-73 + Ct))-
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064
0.4

024

Figure 6.1: y(x,0), Problem 13.

Then

Yo = —3e 373 4 4 cos(4(z + ct)),
Yoz = 9373 — 165sin(4(c + ct)),

yr = 3ce 33 4 dccos(4(x + ct)),
Y = 9c%e 373 — 162 sin(4(x + ct)).

It is easy to check that y;; = c®ypa.

In each of Problems 12-17, with ¢ = 1 and g(z) = 0, the forward wave is
F(z,t) = 1 f(z—t) and the backward wave is B(z,t) = 1 f(z+1). The solution
is

y(x,t) = F(x,t) + B(x,t).

13. Figures 6.1-6.6 show graphs of y(z,t) for times

~—

13
t = _, =
072747

15. Figures 6.7-6.12 show graphs of y(z,t) for

113 3
t=0,—,-,—-,1,-.
7472747 ’2
17. Figure 6.13 shows a graph of y(z,0), while Figures 6.14 - 6.19 show y(z, t)
for times
p—1 L3575
47274747472

19. We know that

x+ct
o) = 5w —et) + flaret)+ o [ gle)de
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Figure 6.2: y(x,1/2), Problem 13.

Figure 6.3: y(z,3/4), Problem 13.

Figure 6.4: y(z,7/8), Problem 13.
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Figure 6.5: y(z,1), Problem 13.

Figure 6.6: y(z,3/2), Problem 13.

Figure 6.7: y(z,0), Problem 15.
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1.4/
124
14

Figure 6.8: y(x,1/4), Problem 15.

N /
044
024

-2 -1 0 1

Figure 6.9: y(z,1/2), Problem 15.

Figure 6.10: y(x,3/4), Problem 15.
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Figure 6.11: y(z, 1), Problem 15.

Figure 6.12: y(z,3/2), Problem 15.
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N

Figure 6.13: y(z,0), Problem 17.

and
§ost) = S (F(o = ) + o+ ) + 5-9(6) de.
Then
1) = (1)
= jUG-e sty [ o
ey fwren) -3 [ a0
= S —ct) = flo—ct) + 3 (7@ + ) — fa +ct)
o [ 00 -0 de
Then

‘y(.’[;, t) - g](l‘, t)'

< 1w —ct) ~ o — et + 517 + ) — Fa + et
1 x+ct

o ILGREGIES

x—ct

+

1 1 1 fEte
< e+ -6 + — d
Sgatgaty /I_d €2

<€+ %62((1‘ +ct) — (z — ct))

= €1 + eat.
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Figure 6.14: y(z,1/4), Problem 17.

Figure 6.15: y(z,1/2), Problem 17.

© 2018 Cengage Learning. All Rights reserved. May not be scanned, copied or duplicated, or posted to a publicly accessible website, in whole or in part.



6.4. THE WAVE EQUATION WITH A FORCING TERM K(X,T) 103

Figure 6.16: y(z,3/4), Problem 17.

6.4 The Wave Equation With a Forcing Term
K(z,t)

1. Here c =4, f(z) =z, g(z) = e ® and K(x,t) = 2 + t. The solution is

1 1 x+4t
y(x,t) = f((x—4t)+(x+4t))+f/ e S d¢
2 8 r—4t
1 [t [e+at—4T
+= / / (X +T)dX dT
8 Jo Ju—attar

=+ é (e—;c+4t _ e—x—4t)

t
+/ (xt — aT +tT — T?)dT
0
1 1 1
=+ ge*x (e4t — 67415) + 6t3 + §xt2.

We can also write this solution as

1 1 1
y(z,t) =x + ZG_I sinh(4t) + 6t3 + ixtQ.
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Figure 6.17: y(x,5/4), Problem 17.

4 3 2 1 \f 1 2 3 4
x

Figure 6.18: y(z,7/4), Problem 17.

4 -2 0 2 4
x

Figure 6.19: y(z,5/2), Problem 17.
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3. The solution is

1 1 x+8t
y(z,t) = i(f(x —8t) + f(x +8t)) + 16 /_8t cos(2€) d¢

1 t z+8t—8T
+ = / / XT?dX dT
16 0 x—8t+8T
1
=2% 4+ 64t —x + ﬁ(sin(—Qa; + 16t) + sin(2x + 16t))
t
+ / —2T?(—t+T)dT
0

1 1
=22 +64t% —x + 3—2(sin(—2x + 16t) 4 sin(2z + 16t)) + ﬁmt‘l.

1 x+3t
y(z,t) = =(cosh(x — 3t) + cosh(z + 3t)) + 6/ d¢

2 x—3t
1 t x+3t—3T
+ = / / 3XT3dX dT
6 0 x—3t+3T
1

t
= —(cosh(x — 3t) + cosh(x + 3t)) + ¢t + —32T3(T — ) dT
2
0

1 5
= §(cosh(z — 3t) 4 cosh(z + 3t)) +t + %xt‘).

6.5 The Wave Equation in Higher Dimensions

For Problems 1-3 the solution has the form

z(z,y,t) = Z Z anm sin(nrz /L) sin(mry/K) cos(apmmet),
n=1m=1
where
n?  m?2
am =\ 72 T K2
and

L K
G = 73 / / F(&.m) sin(né /L) sin(man/ K) dn .

1. Because f(z,y) = 2%y is a product of a function of  and a function of y,
we can compute the coefficients as a product of integrals:

1 2 K
Anm = —5 €2 sin(né/2) df/ nsin(mn/2) dn
™ Jo 0

(21 = (-1)") + n®m*(-1)").
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Further,

Because ¢ = 1, the solution is

=3 30 F I e - )

+ n2 (—=1)") sin(nz/2) sin(my/2) cos(v/n? + m?t/2).

-1

3. Wehavec=1,L = K =rand f(z,y) = ze?. A routine integration yields

Apm = —/ ¢sin(ng) df/ e sin(mn) dn

n+1m
= m(l —e"(=1)™).

Further,

1
Qpm = ;\/ n2 +m2.

The solution is

o0 o0
(z,9,1t) Z Z anm sin(nz) sin(my) cos(2v/n? + m?2t).
n=1m=1

5. Suppose ¢ =3, L=K =, f(z,y) =0 and ¢g(z,y) = zy. Now

n2 4+ m2.

Compute
B 4 (_ 1 ) n+m

bnm -
3vVn?2+m2 nm

The solution is

o o0
z(x,y,t Z Z bnm sin(nz) sin(max) cos(3v/n? + m?t).

n=1m=1
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Chapter 7

Laplace’s Equation

7.1 The Dirichlet Problem for a Rectangle
1. Substitute u(z,y) = X ()Y (y) into Laplace’s equation to obtain
X"+ 2AX =0;X(0)=X(1)=0

and
YY" =AY =0;Y(7) =0.

Solutions for X are
A =n?n% X, (z) = sin(nmz).

With these values of A, the problem for Y (y) has solutions that are con-
stant multiples of sinh(nm (7 —y). To find a solution satisfying the bound-
ary condition u(z,0) = sin(mx), use a superposition

u(z,y) = Z ap, sin(nrz) sinh(nr(m — y)).
n=1
We need -
u(z,0) = Z an sin(rx) sinh(nm?) = sin(7z).
n=1

We can compute the Fourier coefficients of this sine expansion, or simply
observe that we can take a, =0 forn =2,3,--- and

1

“= sinh(m?)’

The solution is

1

m(sin(ﬂ'x) sinh(7(m — y))).

U(l‘,y) =

107
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3. After separating the variables and applying the boundary conditions, we
find that the solution has the form

<~ sinh(nmy) |
u(z,y) = Z an, Sinb (dm) sin(nmx).

The coefficients must be determined so that

oo

u(z,4) = Z an sin(nrx) = x cos(nx/2).

n=1

This is a Fourier sine expansion of x cos(rz/2) on [0,1]. Choose the coef-
ficients as
1
32n(—1)"*!
an = 2/0 ¢ cos(m&/2) sin(nmg) d§ = 7r2(n4(nQ)1)2

These determine the solution.

5. There are nonhomogeneous boundary conditions on two sides of the rect-
angle, so write

u(z,y) = v(z,y) +w(w,y)

where
Vv = 0;9(0,y) = v(n,y) = v(x,0) = 0,v(x, ) = zsin(r)
and
V2w = 0;w(x,0) = w(z,7) = w(0,y) = 0,w(w,y) = sin(y).
These are defined on 0 < x < 2,0 < y < 7. Solve these problems inde-

pendently.

First, separate variables in the problem for w to find that it has a solution
of the form

smh(mc)
Zb sin(ny) nh(2n)

Observe that we can solve thls problem for w by taking by = 1 and all
other b, =0, so

sinh(z)

sinh(2)

The problem for v has a solution of the form

w(z,y) = sin(y)

B > . sinh(nmy/2)
= Z an, sm(mrx/Q)m.

We need

v(z,m) = rsin(rz) Zan sin(nmz/2).
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This is a Fourier sine expansion of x sin(wz) on [0, 2], so choose

2
bn:/ Esin(né) sin(nw/2) d€
0

_ {772@314)2)((—1)”—1) forn=1,3,4,5,---,

1 for n = 2.
Then
. sinh(7y)
v(x,y) = sin(nz) Sinh(n2)
10 & n ) sinh(nmy/2)
= S C—— | 9) = TII2)
iEE nzlz;# iz —ayz (V)" Dsinlnme/2) G

7. Separation of variables and the zero boundary conditions on x =0,z = a
and y = 0 yield a general form of the solution:

o) = 5 v o )

n=1

Now we need

u(z,0) = f(z) = Z ap sin((2n — 1)wx/2a).

n=1

This leads us to choose

a

an = — /Oa F(&)sin((2n — 1)w&/2a) dE.
9. Write the solution as u(z,y) = v(z,y) + w(x,y), where v is the solution
of the problem
Vv = 0,v(z,0) = v(z,1) = v(4,y) = 0,v(0,y) = sin(7y),
and w is the solution of
V3 (w) = 0,w(z,0) = w(z,1) = w(0,y) = 0,w(4,y) = y(1 - y).

These problems are defined on 0 < z < 4,0 < y < 1. A separation of
variables yields a general form of the solution of the problem for v:

sinh(nw(4 — x))

[ee)
v(z,y) = nz::l ay, sin(nmy) sinh(dn)

We need -
v(0,y) = sin(my) = Z ap sin(nmy),
n=1
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so by observation we can let a; =1 and a,, =0 for n =2,3,---. Then

sinh(m(4 — x))

viay) = sinlry) =5

Another separation of variables leads to a general form of the solution for

w:
w(z,y) = Z by, sin(nmy) sinh(nmz).
n=1
Then -
w(d,y) =y(l—y) = Z by, sinh(4dnm) sin(nmy),
n=1
S0

2 1 '
" m/o §(1 =€) sin(nme) dg

41— (=D)")
n3m3 sinh(4nm)’

7.2 The Dirichlet Problem for a Disk

For each of Problems 1-8, a solution

u(r, 0) = %ao +3 (%)" (@ c0s(18) + by, sin(n6)],
n=1

where ) .
an = g | (€ con(ne) de
forn=0,1,2,--- and
1 T )
b= g | J€) sin(ne) de

forn=1,2,---.

1. We can see by observation that u(r,#) = 1 is a solution. This can also be
obtained the long way by carrying out the integrations, obtaining ag = 2
and a, =b, =0forn=1,2,---.

3. Calculate

™) . 3
1 4 4(-1)"
on =g [ (€ = 9oostngyae = * 0
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and ) . 21y
_ 2 gy _ ==
bn = oo 4(5 §)sin(ng) dg = — .
The solution is
2 NG (=" .
u(r,0) = 3 + 2; (5) = [2 cos(nf) + nsin(nd)].
5. The solution is
_sinh(m) | 2 o= (=)™ e\ .
u(r,0) = - + - ; 1 (4) sinh(7)[cos(nf) + n sin(nd)].

7. After the integrations, we obtain the solution

1 S A(=D)nFL ey
u(r,0) =1— §7r2 + Z % (g) cos(nb).
n=1

9. Let U(r,0) = u(rcos(),rsin(d). The problem given in rectangular coor-
dinates converts to the following problem in polar coordinates:

V2U(r,0) =0 for 0 < r < 4,U(4,0) = 16 cos*(0).

If we write 16 cos?(0) = 8(1+ cos(26), we can recognize by inspection that
1 2
5(10 = 8,02(4 ) = 8,

and all other a,, = 0. The solution in polar coordinates is

ry 2

4> cos(26).

Because the original problem was posed in rectangular coordinates, con-
vert this to rectangular coordinates by using x = rcos(),y = rsin(),
and the identity cos(26) = 2cos?(#) — 1, to obtain

U(r,9)=8+8(

u(z,y) =8+ %(m2 —y?).
11. In polar coordinates this problem is
V2U(r,0) = 0 for 0 < r < 2,U(2,0) = 4(cos?(0) — sin®(0)) = 4 cos(26).
Identify a92? = 4, with all other coefficients zero, so
Ul(r,0) = r? cos(20).
In rectangular coordinates the solution is

u(e,y) = ® -y
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7.3 The Poisson Integral Formula

In Problems 14 the idea is to use the Poisson integral formula to write the re-
quested solution value as an integral which can be approximated by a numerical
technique. This assumes the availability of software that will do this.

For Problem 1, the Poisson integrals are given for each approximate value
calculated. For Problems 2, 3 and 4, we give just the approximate values.

1. With R =1 and f(#) = 0, the solution is

P 2
U(r,e)—i/ Lor ¢ d.

2 ) 1472 —2rcos(€é —6)
Then Lo 3¢
U(1/2,7) = %/_ﬂ e L
Next,
U(3/4,7/3) = — / ! 7 de ~ 0.8826128645.
27 J_, 25— 14 cos(§ —7/3)
And

i 24¢

d¢ ~ 0.2465422.
26 —10cos(& — 7/4) ¢

U(1/5,7/4) = %/

3. U(4,7) ~ —16.4654, U(12,7/6) ~ 0.0694, U (8, 7/4) ~ 1.5281

7.4 The Dirichlet Problem for Unbounded Re-
gions
1. If we put f(£) = K in equation (7.7), we get the solution

_ Ky [~ 1

L
KY i / S S

T Looo J_p y2 + (€ — z)2

K (L — x) <—L — x)
= — lim arctan | —— | — arctan
T L—oo Y Y

Or, we can avoid this computation by observing that u(x,y) = K is har-
monic on the entire plane, and equals K on the real line (the boundary of
the upper half-plane). Therefore the solution is u(x,y) = K.
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3. By equation (7.7), the solution is

y [~ £
w0 =1 | e

5. Suppose u(x,y) is harmonic on the upper half-plane and u(z,0) = f(z).
Then the function v(z,y) defined by v(z,y) = u(z, —y) on the lower half-
plane is harmonic, and v(z,0) = f(z). But we know an integral formula
for u(z,y). Therefore the problem for the lower half-plane has the solution

olog) = e,y = L [ O

—o0 y2 =+ (5 - 58)2 dg

for all x and for y < 0.

7. The boundary of the right quarter-plane consists of the nonnegative hor-
izontal and vertical axes. Define two Dirichlet problems, in each of which
boundary data is nonzero on just one part of the boundary:

Problem 1 V2v = 0 for > 0,y > 0 and v(x,0) = f(z),v(0,y) = 0, and
Problem 2 V2w = 0 for z > 0,y > 0 and w(z,0) = 0, w(0,y) = g(y).

Both problems can be solved by separation of variables and Fourier inte-
grals, obtaining

v(z,y) = / ( / f(¢ Sln(wf)d€> sin(wz)e™ Y dw

w(z,y) = = /Ooo (/Ooog(m sin(wn) dn) sin(wy)e™" dw.

™

and

The solution of the original problem is u(x,y) = v(z,y) + w(x, y).

Ay 8 1
e =3 | e

7 [t (%) - oean (252
= — |arctan | —— | — arctan [ ——
™ Yy Yy

11. Using the results of Problem 7, the solution is

u(z,y) = / [b, sin(wax)e™ @Y + B, sin(wy)e” "] dw,
0

-2 [ et

_ 2sin(mw) — 2wn cos(Tw)
2

where

W
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and

o0
B, = f/ n? sin(wn) dn
T Jo

4(cos(mw) — 1) — 2w?7? cos(mw) + 47 sin(rw)
w3 '

7.5 A Dirichlet Problem in 3 Dimensions

1. Let u(z,y,2) = X(2)Y (y)Z(z) to separate variables, obtaining first that

X" 42X =0;X(0)=X(1)=0

and
Y 4+ puY —0,Y(0) = Y(1) = 0.
Then
A, = n?7%, X, (x) = sin(n7z)
and
pm = m272, Yo (y) = sin(mmy).
Further,

7" — (n® +m?)1r*Z =0, Z(0) = 0.
This leads to functions
Unm (X, Y, 2) = Cpm sin(nrz) sin(may) sinh(ay,m,72),

where an;m = vVn + m?2. To satisfy the condition u(z,y,1) = zy, use a

superposition
o0 o0
u(z,y,2z) = Z Z Cnm sin(nmz) sin(may) sinh(aymm2).
n=1m=1

We must choose the coefficients so that
u(z,y,1) =xy = Z Z n(nmzx) sin(mmy) sinh(ay,;, 7).

This is a double Fourier series on the square 0 <z < 1,0 <y <1, and
we know from experience with the heat and wave equations that

S, S / € sinh(nr) de / nsin(mmy) d
smh (Qnm™)

B 4( _ 1)n+m
nmm? sinh ()
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3. The solution is the sum of the solutions of the following two problems:

Viw =0,
w(0,y,2) = w(l,y,2z) = w(z,0,2) = w(z, 2w, z) = w(z,y,0) =0,
w(z,y,m) =1
and
Vi =0,

v(0,y,2) = v(L,y,2) = v(z,y,0) = v(z,y,7) = v(x,0,2) =0,

v(x, 27, 2) = x2°.

Each of these problems is solved by a separation of variables. For the first,

we obtain
w(z,yz) = Z Z Apm sin(nmz) sin(my/2) sinh(v/4n?72 + m?z/2),
n=1m=1
in which

1
Qpm =
sinh(vV4n272 + m?m/2

1 2m
) /0 2sin(nw) d§/0 % sin(nmn) dn

sinh(\/n27717+m?w/2) <1 _r(w_rl) ) (1 —751;1)"1).

For the second problem, obtain

o0 o0
v(z,y, 2 Z Z bpm sin(nmz) sin(mz) sinh(v/n?w2 + m?y),

n=1m=1
in which
b 4
" 72 sinh(Vn2r? + m227)

1 ™
/ Esin(nwf) dé / 72 sin(m7) dr)
0 0

_ 4 ((—n"“) (2 2(=1)™ + m2n?( 1>m>
 w2sinh(vVn27Z + m22n) nm m3 .
The original problem has solution

u(z,y, z) = w(z,y,z) +v(z,y, 2).

7.6 The Neumann Problem
1. First, :
/ 4 cos(mz)dx =0,
0
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so this problem may have a solution. (If this integral were nonzero, we
could conclude that the problem has no solution).

A separation of variables, making use of the three homogeneous boundary
conditions, leads to the problems

X" 42X =0; X'(0) = X'(1) =0

and
Y —AY =0;Y'(1) =0.

These have solutions of the form
A = n?1% X, () = cos(nmy)

and
Y,.(z) = cosh(nm (1l — y)).

Thus attempt a solution of the Neumann problem of the form
u(z,y) =co+ Z ¢ cosh(nm(1 — y)) cos(nmy).
n=1
The condition u,(0) = 4 cos(rz) requires that

Z —cpnm sinh(n) cos(nma) = 4 cos(mx).

n=1

This is satisfied if we put ¢, = 0 for n = 2,3,4,---, and choose ¢; so that
—cymsinh(1) cos(mx) = 4 cos(nx).

Therefore —cy7 sinh(w) = 4, and

P S
' wsinh(r)
The solution is
=c— ———— h(mw(1 — .
u(z,y) = co T sinh () cosh(m(1 — y)) cos(mx)

Here ¢y is an arbitrary constant, so this solution is not unique.

3. A solution may exist because foﬂ cos(3x) dz = 0. From the zero boundary
conditions on edges z = 0 and x = m, separation of variables yields a
solution of the form

u(z,y) =co + Z[cn cosh(ny) + d,, cosh(n(m — y))] cos(nz).

n=1
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Now
%Z(x, 0) = cos(3z) = nz::l —nd,, sinh(nm) cos(nx)
S0 :
45 = = 3 ah(3n)

and d,, = 0 if n # 3. Next, the boundary condition at y = 7 gives us

ou >

%(x, ) =6x — 31 = T;l ney sinh(n) cos(nx).
Then
1 2/ﬂ(6 3) cos(nz) d
p = ————— —3m n
" msinh(nm) T J, * )0
1 12

- () - ),

nsinh(nm) n?m
The solution is

~ cosh(3(m —y))

Ssimh(m) G7)

u(.’lﬁ,y) = Co

+ Z 2(=)"=1) cosh(ny) cos(nx).

n37 sinh(n)
n=1

5. With u(z,y) = X (2)Y (y), we obtain:
X"—AX =0

and
Y"+AY =0;Y(0)=Y(1) =0.

Then

Y, (y) = sin(nmy) and X, (x) = ¢, cosh(nma) + d,, cosh(nm(1 — z))

forn =1,2,---. Look for a solution of the form
oo
u(z,y) = Z[C" cosh(nmzx) + d,, cosh(nm (1l — z))] sin(nry).
n=1

To solve for the constants, use the other two boundary conditions. First,

ou

%(1, y)=0= Z nmey, sinh(n) sin(nry)

n=1
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so we each ¢, = 0. Next,

ou 9 = . .
%(O, y) =3y — 2y = nzz:l —nmdy, sinh(n) sin(nmy).
Then
-9 1 )
n=_"——""7 —2n) si
d e /0 (3n n) sin(nmn) dn
2 22
- )" +6(1 — (—1)"
n*mt sinh(n) 7w (=1)" + 6( (=1)")]
for n =1,2,---. The solution is
u(z,y) =
- 2
Z ————[n?*7%(=1)" + 6(1 — (—=1)")] cosh(nm(1 — z)) sin(ny).

n*mt sinh(n)

7. First check that f:r cos(26) df = 0, a necessary condition for a solution
to exist. A solution must have the form

1 o0
u(r,0) = 540 + nzl[an cos(nf) + by, sin(nd)].
From the boundary condition at » = R, we have

ou
a0 (R,0) = cos(26)

= Z[naanfl cos(nf) + nb, R" ' sin(nh)].
n=1
As in the preceding problem, compare coefficients on both sides of this

equation to choose each b, = 0 and a,, = 0 except for n = 2. Further,
2asR = 1. The solution is

1 R /r\2

=Zag+ = (= 20).

u(r, 6) 2a0—|— 5 (R> cos(20)

9. Because

/Oo el sin(g) de = 0,

a necessary condition for a solution to exist is satisfied. The solution is

u(eg) = 5= [ == (y? + (6~ 0))e ¥ sin(e) e
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11. Problem 7, Section 7.4 requested a solution of the Dirichlet problem for
the right quarter-plane. Using this, we are led to attempt a solution for
the Neumann problem for the right quarter-plane of the form

u(z,y) = / a,, cos(wz)e™ Y dw.
0

Now
ou /oo

—(x,0) = —wayg, cos(wx) dw.
w0 = [ (wa)

This tells us to choose

ao=—2 7 F(e) cos(we) de.

™w Jo

7.7 Poisson’s Equation

1. Write u(z,y) = v(x,y) + w(x,y), where v is the solution of the Dirichlet
problem
Viv=0for0<z<1,0<y<1,
v(z,0) =v(zr,1) =0,
v(1,y) =0,
v(0,9) =y

and w is the solution of the problem

Viw=0for0<z<1,0<y<1,
w(0,y) = w(l,y) = w(z,0) = w(z,1) =0,
w(z,y)=zyfor0<z<1,0<y<1.

For the first problem, for v(x,y), separate variables to obtain the solution:

o0

v(z,y) = Z ap sin(nm(1l — z)) sin(nmy),

n=1
where
B 2(_1)n+1
~ nmsinh(nr)’
The problem for w(z,y) has the solution

w(z,y) = Z Z knm sin(nmz) sin(mmy),

n=1m=1
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where
_4 1 1
knm = m/@ Esin(nmwé df/o nsin(man) dn
4(_1)n+m+1

~ (n2 + m2)nmrt’

3. Split the problem into two problems, as we have been doing. However, the
first problem (see Figure 7.6) must itself be broken up into two problems,
in the first of which v(0,y) = 1 and v(m,y) = 0, and in the second of
which v(0,y) = 0 and v(7,y) = 0. Applying straightforward separation of
variables to these problems, we obtain

o) = S ——— (1 = (—1)") sin(my) sinh(n(r — ))

= nm sinh(n)

for the Dirichlet problem with v(0,y) = 1 and v(m,y) = 0. If v(0,y) =0
and v(m,y) =y, we obtain

vz, y) = Zl ns%(mr)(il)nﬂ sin(ny) sinh(nz).

For the problem for w in Figure 7.6, we have

w(z,y) = Z Z Epm sin(nax) sin(my),

n=1m=1
where
knm =
4 s s s
- ?nQWZ +m?n? / / €% sin(n&) df/ n* sin(mn) dn
o Jo 0

= e @ 2 )2 21 w1
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Chapter 8

Special Functions and
Applications

8.1 Legendre Polynomials

For Problems 1-4 and 6, graphs of the function and the sixth partial sum of
its Fourier-Legendre expansion on[—1, 1] appear nearly indistinguishable within
the scale of the graph. The “most* functions many terms of this expansion are
needed to achieve a good fit between the partial sum and the function. This
is seen in Problem 5, where the sixth partial sum is a poor fit to the function,
while the fiftieth partial sum is much closer (though still a poor fit).

1. The coefficients are

an+1 (!
Cp = n; / sin(mx/2) P, (z) dx.
-1

Carrying out these integrations, we obtain

12
CO:CQZC4:0acl :727
™
168(x? — 10) 660(* — 11272 + 1008)
C3 = T,Cg) = 7'('6 .

Figure 1 shows a graph of f(x) and Zi:o enPp ().

3. The coefficients are

an+1 [
Cp = n;— / sin?(z) P, (z) dz.
~1

121
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0.5 4

-0.5 1

Figure 8.1: Graph of sin(mx/2) and the sixth partial sum of its Fourier-Legendre
expansion.

The first six are

1 1

o =—3 sin(1) cos(1) + =GB =0= 0,
5 15 15
2 =—g sin(1) cos(1) + 3 1 cos®(1),
585 585 4 531 .
c1=—75 + T3 cos“(1) + 7 sin(1) cos(1).

Figure 8.2 shows the function and the sixth partial sum of this Fourier-
Legendre expansion.

5. The coefficients are

n+1 [*
Cn = nt / f(@)P,(z) dz.
2 -1
The first six coefficients are
0 3 7 11
co=C=c1=0,c0==,c3=——,c5 = —.
0 2 4 y €1 23 3 8, 5 16

Figure 8.3 shows a graph of the function and this partial sum. For this
function the sixth partial sum does not fit the function well at all on [—1, 1.
Figure 8.4 shows the fiftieth partial sum, a better fit to the function.
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0.7 1

0.6

0.5

0.4

0.3 4

0.2

0.1

Figure 8.2: Graph of sin?(x) and the sixth partial sum of its Fourier-Legendre
expansion.

0.5 1

0.5 1

/

Figure 8.3: Graph of f(z) and the sixth partial sum of its Fourier-Legendre
expansion.
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. /\ N ol
\/ V LA
0.5 1
r T T
-1 0.5 0 0.5 1
X
-0.5
AA /\ /\I
/VV AV \/ V

Figure 8.4: Graph of f(x) and the fiftieth partial sum of its Fourier-Legendre
expansion.

7. Forn="7,[n/2] =[7/2] =3, so

3
(14 — 2k)! 2k

Py = —1)*
’ Z; T T T
_ 429 , 693 5 315 5 35

67 167 T16° 167

For n =38, [n/2] = [4] = 4 and

4
(16-20)

_ _1\k
‘&@)_22(1)%M@fkﬂ672mﬁ
k=0
6435 4 3003 o 3465 ,
= " — x + x
128 32 64
315 , 35
— ety

33 128"
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Forn =19, [n/2] =[9/2] = 4 and

4
(18 — 2k)! 92k

Py(z) = kzzo(*l)kggk!(g — k)9 — 2k:)!z

12155 , 6435 , 9009 .
= xr — x X
128 32 64
1155 , 315
— X —X.
32 128

For n =10, [n/2] = [5] =5 and

5
_ k (20 B 2k)' 10—2k
Pm@)_Ez“')2wmu0—kﬂu0—2m
k=0
_ 46189 1, 109395 45045 g
256 256 128

15015, 3465 , 63
128 256 256"

9. Let L
Qn@ﬂzzgl/ (x+— x2—1cmxm) df
T Jo
for n =0,1,2,---. The strategy is to show that Q,(x) satisfies the same

recurrence relation (8.7) that the Legendre polynomials do. From Prob-
lem 8, we also have that Qo(z) = Py(z) and Q1(z) = Pi(z). Then the
recurrence relation will give us Q2(z) = Po(x), and then Q4(z) = Py(x),
and so on.

To show that @, (z) satisfies equation (8.7), first substitute the integral
for @, (x) into this equation and rearrange terms to obtain

1 /0“ (_n(xQ —1)sin?() + V22 — 1 cos() [z + \/ﬁcos(g)])

™

n—1
X (w +Vax? - 1005(0)) de.
Now integrate this by parts, with
u= (w +Va? - 1008(9))

and
dv = cos(0) df

to obtain

%/ (x + Va2 - 1008(9))n v a2 — 1cos(0) do
0

n—1

(:v +vz2 -1 cos(@)) n(z? — 1) sin®(6).

1
™
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Use this in the substitution of @, (z) into equation (8.7) to show that
Qn(x) satisfies this recurrence relation. This shows that Q,(x) = P, (z).

11. Put =t = 1/2 into the generating formula for the Legendre polynomials

to get
1 > 1\ /1\"
-£n ()0
3/4 = 2 2
Then
2 =1 1
= = —P,(=].
5= (3)
Then
o0
1 1 1
Eiznuf%(z>zzvg-
n=0

13. Apply the law of cosines to the triangle in the diagram to get

R?* =% +d* — 2rdcos(6).

Then
R? T r2
== 1-— 2& cos(0) + ok
Then
1 1d 1 1

o(z,y,2)

R dR d\/l—Qgcos(H)-i-%

For the remainder of the problem, consider two cases on r/d. First, sup-
pose r/d < 1, so r < d. Put x = cos(f) and t = r/d in the generating
function to obtain

o) = 2 3 Puteoston (1)
n=0

or
o)

o(r) = Z #Pn(cos(e))r”.

n=0

If r/d > 1, so r > d, now write

R? d d?

7‘72 = ]. — 2; COS(Q) =+ 7‘7
Then

T 1

R \/1—2%c0s(9)+%
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Again, comparing this with the generating function, we have

otr) = 13- e (5)

and this is equivalent to
o(r) = }ian (cos(#))e™
r n=0 ! .

15. With f(¢) = sin(p), we have

1
Cp = 2n2—&—1/ sin(arccos(§)) P, (&) d¢

-1

and

wp.9)= e () Paleostio).

n=0

In computing the coefficients, use can be made of the identity

sin(arccos(§)) = /1 — &2

With R = 1, and using the twenty-first partial sum of the solution, we
obtain the approximations

u(1,7/4) ~ 0.707274, u(1, 7/6) ~ 0.500761, u(1, 7/8) ~ 0.382683.

17. With f(¢) =2 — ¢?, let

o= 2 [ 2 arccos€) Pace)

and

u(p) = Y (2)" Pucos(i).

n=0

With R =1, use the twenty-first partial sum to approximate:

u(l,7/4) ~ 1.384743, u(1,7/6) ~ 1.725844, u(1, 7/8) ~ 1.845787.

19. In spherical coordinates, the Dirichlet problem to be solved is:

2 t
Upp + ;uLp(p + Cop(;p)utp = OaRl <p< R?a _77/2 <p< 7T/2,

U(Rla 410) = T7 U(RQa QO) =0.
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This problem can be solved by separation of variables. Let

u(p,¢) = F(p)®(p).

This results in: \
2
F"JrfF’f—QF:O
p P

and
" + cot(p)® + AP = 0.

The equation for ®(p) has the bounded solution

P, () = Pp(cos(p)),

corresponding to an eigenvalue A, = n(n+ 1) of Legendre’s equation. For
n=0,1,2,---, solutions for F(p) are

Fo(p) = anp" + bup "

Attempt a superposition

w(p, @) = 3 (anp™ + bup™ ") Pa(cos(i).

We require that

u(Ry, @) =T = (anR} + bp Ry " ") Py (cos(p)).

n=0
And the condition at p = Ry is that

oo

r(Ra,0) = 0= (anR3 + by Ry" 1) Py(cos(p)).

n=0

Recalling that Py(cos(¢)) = 1, these equations are satisfied if we choose
the coefficients so that

ag +b0R;1 =T, ag +b0R51 =0

and, forn=1,2,---, let a,, = by = 0. We should therefore let

ag = 7TR1 and by = —7TR1R2
"7 R — R, T "R — Ry
The solution is
TRy Ry
u(p, ) = Ri—Ro | p L.
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0.8 1

0.6

0.4

0.2

Figure 8.5: Graph of e™ and the tenth partial sum of its Fourier-Bessel expan-
sion.

8.2 Bessel Functions

1. With f(z) = e™*, the expansion in terms of zero-order Bessel functions is

> endo(in),
n=1

where j,, is the nth (in increasing order) positive zero of Jo(z) and

2 /1 e s
cn = =5 [ €& Jo(jn) d§.
J 12 (jn) Jo
Figure 8.5 shows the function and the tenth partial sum of this expansion,
and Figure 8.6 shows the twenty-fifth partial sum.

3. Let j, be the nth positive zero of Ji(z) and

Cn

1

The Fourier-Bessel expansion is

Z cnd1 (]nm)
n=1
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0.8 1

0.6

0.4

0.2 1

Figure 8.6: Graph of e™* and the twenty-fifth partial sum of its Fourier-Legendre
expansion.

Figure 8.7 shows the function and the twentieth partial sum of this series,
while Figure 8.8 has the fortieth partial sum.

5. Let j, be the nth positive zero of J4(z), and

2 [t ;
¢ = ,]52(],,)/0 &sin(38)J4(jn) d€.

The Fourier-Bessel expansion is

o)
Z cnJs(Jnx).
n=1

Figure 8.9 shows the function and the twentieth partial sum of this series,
while Figure 8.10 has the fortieth partial sum.

Ty a(x) = \/z sin(z)

can be made by using the Maclaurin expansion of sin(z) on the right side
and manipulating the coefficients to obtain the series defining .J; j2().
We will be less formal here and essentially carry out this type of argument

7. A formal proof that
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0.15 1

0.10 1

0.05 1

0 T T T T
\/ 0.2 0.4 0.6 0.8

—2z

Figure 8.7: Graph of zZe and the twentieth partial sum of its Fourier-

Legendre expansion.

0.15

0.10 1

0.05 1

—2z

Figure 8.8: Graph of z2e and the fortieth partial sum of its Fourier-Legendre

expansion.
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0.8 1

0.6

0.4 1

0.2 1

Figure 8.9: Graph of sin(3z) and the twentieth partial sum of its Fourier-
Legendre expansion.

0.8

0.6

0.4 1

0.2 1

Figure 8.10: Graph of sin(3z) and the fortieth partial sum of its Fourier-
Legendre expansion.
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using a few terms of the series so that it is apparent what is happening.

Begin with
B ° (=" 2n+1/2
J1/2(33) - T;) 22n+1/2mp(n + 1/2 + 1)x

_ z - (_1)77, 2n
- \[2;) 20 T(n+1/2+1)

_ |z 1 _ 1 22
V2 (r@a/2+1)  22h(141/2+1)
1 1 G 1 s
- x° + z° +
242I0(2 +1/24+1)  263I0(34+1/2+1) 24IT(4+1/2+ 1)

+

Now we need to know some values of the gamma function. First,

r(1/2) = / t=2et at.
0

Letting t = u2, this is

]
F(1/2):/ —e % 2udu
0

u
:2/ e du = /7.
0

Here we have used the well-known result that

e 1
/ e du = —\/x,
0 2

which can be derived using double integrals or complex integration, and
is widely used in probability and statistics. Then, using the factorial
property of the gamma function, we can evaluate I'(n+1/2+1) for various
values of n. In particular,

1 1 1\ 37 37
P(1+-4+1)=(1+2)r(1+2) =" =T

F<2+1+1>=<2+1>r<2+1>_53ﬁ:3-5ﬁ

2 2 2/ 2 4 23

1 1 1\ 3577
r -+1) = —|r =22 V7P
(3+2+ > <3+2> <3+2) T

and so on. In general, if n is a positive integer, then

F<n+1+1) _ 35 P ym

2 2n+1
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Now back to the series for J; /5(x). We can now write

23 4 24 6
+ T — - x
24213 - 5/ 26313 - 57/

25 .
RIS W ]

This simplifies to

Tinle) \/?{2 Lo, 1 .
xXr) = = | —= — X < X
1/2 2 |V&@ 37 2.2.35 %

1 6 1 8
23135 7yx | 292.3.5.7-9Ux" }
1’1[21332 1L 4
2 /r
1

1
61 8_|_...:|.

T9231.3.5.7° 1 23.2.3.4.3.5.7-9"

Finally, write this as

z 1 1 1
— 772 1_72 74
D) =[5 77 [ 23" Y2 22357
1

23313.5.7 | 21.2.3.4.3.5-7-9

_ ]2 ISR S
VYT 23" T22.2.3.57

1 - 1 o
233!-3-5-7 24.2.3-4-3-5-7-9

IS 0
|
Tr = (2n+1)!
2

= \/; sin(z).

A similar argument shows that

T_1ya(@) = ] = cos(a).

T™r

9. First, recall that J)(z) = —Jy(x). Then

[e3%

/a Ji(as)ds == —Jo(@)|" = Jo(0) — Jo(a) = 1
o 0
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because Jo(0) = 1 and Jo(«) = 0 by choice of a. Now change variables by
s = ax in the integral to get

/Oa Ji(s)ds — /01 Ji(az)ads = 1

and this implies that

! 1
/ Ji(ax)dr =
0

a.
11. By equation (8.23),
(2" () = 2" Jp_1 ().
Then
/:E”Jn,l(x) de = 2" J,(x).

In similar fashion, equation (8.24) immediately yields the second integral.

13. Define )
Ing = / (1 — 2®)*z" T T, (ax) da.
0

For part (a), begin with a result from Problem 11:
/S"Jn,l(s) ds = z°J,(s).
Replacing n with n + 1, we have
/S"JrlJn(s) ds = s" T T 41 (5).

Then

s" T, (8)ds = s" T T, 41 (s) - Q" (@),
0

Now let s = ax to get

1
/ Q"M (ax) de = o™ Ty ().
0

Then .
1
/ 2" (ax)de = — T, ().
0 Oé
But,
1
Ino= / ", (ax) da
0
Therefore L
In,O - n+1(a)
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Now use the integral of Problem 12, with n + 1 in place of n, to write

d (1
2", (ax) = s (ax"+1Jn+1(ax)> .

Upon substituting this into the definition of I, ;,, we have

! d (1
In,k = / (1 - 132)]67 <$n+1Jn+1(OMJ)> dz.
0

dr \ «

This completes part (b). For part (c), apply integration by parts to the
integral of part (b):

! 2\k d 1 n+1
In,k:/o (]-*Cﬂ) % al’ Jn+1(a:c) dx

1 1
=(1- x2)kax”+1,]n+1(ozx) ’0

1/t
— a/ 2"V (ax)k(1 — 2%)F 1 (—22) dx
0
2k (!
== (1 —a?)* 1"+ 2 ], (ax) do
0

2k
= —In+4+1,k—1-
(0%

This relates I, ;; to the value of this integral when n is increased by 1 and
k is decreased by 1. In particular, if we carry out k repetitions of this
operation, eventually increasing n to n+ k, and decreasing k to k to 0, we

obtain
2k
In,k = E n+1,k—1

_ 2k [2(k — 1)1

Il R n+2,k—2
22k(k — 1)

= Tfn—z,k—2

_ 2k 1) [2(k-2),

- a2 n+3,k—2
2k(k — 1)(k — 2)

= o8 Iy43.6-3

2F k!
= WInJrk,&

Because k is a positive integer, we can write
kKl=T(k+1)

in this expression.
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For part (e), combine the results of parts (a) and (d) to write

! 2FD(k + 1
/0 (1 —22)Fz" ], (ax) do = %Jnﬂgﬂ(a)

For part (f), write this equation as
okt ' 2\k 1
= m/o (1 — )2, (ax) do.

The rest is just notation to provide the appropriate perspective. In the
last equation, replace o with x and x with ¢ to get

Tntrr1(c)

k+1

x )/Jw+%1ﬁﬁLxmyw
0

Tnni1(®) = Ser07)

Finally, for part (g), let m —n =k + 1 to get

9pm—n 1
x t/ (1 — 2yl T (o) dt.

In®) = G =)

In these results, it is not necessary that k be an integer, because k! has
been replaced by I'(k+1), which is defined if k41 > 0. For the expressions
derived in this problem, it is enough to have n + —1, k > —1 and, in part
(g)ym>n>—1.

15. Start with the following result from Problem 14:

xm

My, (x) = 5 T (m + 1/2) /0 (1 —t2)m= Y2 cos(xt) dt.

Make the change of variables ¢ = sin(6) to get

m

T /2
Im(x) = ST (m § 1/2)/0 (cos?(t))™ /2 cos(z sin(8)) df

/2
= I (m 1 1/2) A cos?™ () cos(x sin(6)) db.

In Problems 17-24, the strategy is to match the given differential equation
to the differential equation of Problem 16 by choosing a, b, ¢ and v. This makes
it possible to write a general solution in terms of Bessel functions

17. The differential equation matches that of Problem 16 if

1 7
2a—1:f§,20—2:0,6202:1, and CL27V262:M.
Then ) 1
a:§7b:c:1, anduzz.

We can write a general solution

y(x) = C1x1/3J1/4(33) + 02x1/3J,1/4(a:).
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19. Choose a = 3,c=4,b=2,v =1/2 to get

y(x) = c12®Jy j2(22%) + ead_q 2 (22%).
21. Let a =2,¢c=3,b=1,vr =2/3 to get

y(@) = c10®Jo 3(2%) + cax®J_oy3(a”).

23. Here we get a = b = 0, so this method produces only the trivial solution.
However, if the differential equation is multiplied by z2, we obtain

1
2,11 /

+ay ——y=0
ry ry 16?/ )

which is an Euler equation with general solution
1/4

y(x) = crat/* 4 o™ V4,

8.3 Some Applications of Bessel Functions

1. With f(r) =r(1 —r) and g(r) = r2, the coefficients in the solution are

2 /1 9 ,
ay = - Rs*(1 — RS)Jy(jns) ds
T2G) Jo 1T I ToUns)

and

R 2 !
b, = — - / R%2s%J5(jns) ds.
gnc JE(Gn) Jo o(dns)

~—

The solution is

z(r,t) = Z zn (7, 1),

n=1

.n t . .'n/ t .n
zp(r,t) = [an coS (ch ) + b, sin (JRC)] Jo (‘%r) )

Figures 8.11 through 8.14 show graphs of the first four normal modes of
the solution times ¢t = 1/2,1,2 and 4, for R =1, ¢ =2, f(r) =r(1—r)
and g(r) = 0.

3. With f(r) =72(1 — ) and g(r) = r + r?, the coefficients are

where

2
Tt (in)

Ap =

1
/ R%s3(1 — Rs)Jo(jns) ds
0
and
R

" gne JE (Gn)
With R=1,¢c=2, f(r) =72(1—r) and g(r) = 0, Figures 8.15-8.18 show
the first four normal modes for times ¢t = 1/4,1/2,3/4.

1
/ Rs*(1 4 Rs)Jo(jns) ds.
0
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0.1

Figure 8.11: First normal mode in Problem 1 at times t = 1/4,1/2,3/4.
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-0.15 -

Figure 8.12: Second normal mode in Problem 1.
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0.004

0.002

-0.002

-0.004 4

-0.006

Figure 8.13: Third normal mode in Problem 1.

0.01

-0.01

-0.02

-0.03

Figure 8.14: Fourth normal mode in Problem 1.
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0.04

0.02 4

-0.02

-0.04

-0.06

-0.08

Figure 8.15: First normal mode in Problem 3.
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Figure 8.16: Second normal mode in Problem 3.
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0.01

-0.01

-0.03

Figure 8.17: Third normal mode in Problem 3.

0.01

-0.01

-0.02

Figure 8.18: Fourth normal mode in Problem 3.
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In each of Problems 5-8, the solution has the form
u(r,t) = Z anJO(jnr)efwit.
n=1

For each, the expression for the coefficients is given.

5.
2 1 .
an = =]12(Jn)/0 (1 + cos(mE))Jo(jn&) dE.
7. 2 1
_ 5 .
" le(jn)/o & cos(3m/2) Jo (jn)-
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Chapter 9

Transform Methods of
Solution

9.1 Laplace Transform Methods

1. Apply the Laplace transform with respect to ¢t to the partial differential
equation to get

K
s?Y (x,8) = Y (x,8) + —.
s

Here primes denote differentiation with respect to  and the initial condi-
tions have been inserted in using the operational rule for the derivatives.

Write this equation as
2
S K
Y- Y = ———.
c2 c?s
Think of this as a second-order differential equation in x, with s carried
along as a parameter. The general solution is

K
Y(z,s) = c1€%%/¢ + coe™ 5%/ -
s

Here ¢; and cs are “constants”, but may involve s, because z is the variable
of the differential equation. Now

Y (0,s) = [y(0,t)](s) = F(s) =c1 + 2+ 353

We need limg o y(0,¢) = 0, so limg_ o, Y(2,5) = 0. Therefore ¢; = 0

and K
ey =F(s) — =
We now have X %
Y(x,s) = (F(s) — 33) T
145
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The solution is the inverse Laplace transform of Y (z,s). Recalling the
formula for the inverse Laplace transform of e~ F'(s), we obtain

o= [1-2) -5 -9 2) o e

c
in which H is the Heaviside function.

3. From the partial differential equation and the initial conditions,

A
s?Y (x,8) = Y — =
Then > 4
w5
Y-a=w

with general solution

A

Y(z,s) = c165%/¢ 4 coe50/C a

Because lim, o y(z,t) = 0, we must have lim;_, o, Y (2,8) =0, so ¢; =0

and 4
Y (x,5) = cpe”5%/¢ — -
s
Next, y(0,t) =0, so
A
Y(0,s) =cg — =
and then
A
Cy = 374
Then 4 4
Y _ —sz/c _ =
(z, ) i o

The solution is the inverse of this,

e =2 (e 2) e

5. Transform the partial differential equation to get

A
s*Y (x,8) = Y (x,8) — S—Qx
Then ) A
no s, Aw
YY" — C—QY ek
This has general solution
e . A
Y (x,5) = c1€5%/¢ + cpe5%/¢ — S—f.
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The condition that lim, o y(z,t) = 0 forces lim; o Y(z,s) = 0, so
¢y =0 and "
—S8STr/cC x
Y (2,t) = cge™%/ —a
Next,
L[y(0,1)](s) = F(s) =Y(0,s) = ca.
Then A
—S8T/cC x
Y (z,s) = F(s)e %/ — o
Invert this for the solution
T x 1
1) = (t—f>H(t77) — ZAxt>.
y(z,t) = f ; -) ~ gl

7. Take the transform with respect to t of the heat equation to get
sU(x,8) —e = kU"(x,5),

or )
s
U'—-U=—->e".
k k
The associated homogeneous equation of this nonhomogeneous equation

has the general solution
Un(z,s) = creV s/kt 4 o=V 8/kT,

For a particular solution, use undetermined coefficients, trying

Up(z,s) = Ae™™.
Substitute this into the nonhomogeneous differential equation to get
] 1
A—-—A=—-
k k’
SO
e s—k
Then,
Uz, s) = Up(x,8) + Up(x,8) = creV/k 4 cpeVe/ke 4 ke_ﬁ.
P
Because lim,_,o u(x,t) = 0, choose ¢; = 0, so
Yo 1
Ulz,s) = cpeV3/ke 4 e ",
s—k
Take the transform of u(0,t) = 0 to get
U(O0,8) = 3 + ——
,8) = Co 5 k
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Then
o 1
2T T s—k
SO ) )
- _ —+/s/kx —z
U(x,s) P —I—S_ke .

Using the convolution theorem, write
u(z,t) = —e Fs L7t {e* \ S/’”} (t) + eFte™®
By consulting a table, we obtain

,671 ef(a:/\/E)s 1) = € 67w2/4k:t.
[ } Q 2V rkt3

Then,
—kt z o=’ /4kt

2V mkt3

kt—x

u(z,t) = —e +e

9.2 Fourier Transform Methods

For the first four problems, the solution is given by

u(x,t /4kt

2F/f

1. With f(z) = e=**l, the solution is

¢ 4lel—(2—8)? /4Kt ¢

2\/7

/{e z—¢€) /4ktd£

u(z,t) =

2F

5. Take the Fourier transform of the wave equation with respect to x to get
7 = 144(iw)?*y = —1440°7,
or
¥’ + 144wy = 0.

Then
Ylw,t) = 1 cos(12wt) + eg sin(12wt),

in which primes denote differentiation with respect to t. Because y:(x,0) =
0, then ¢; =0 and
Y(w,t) = 1 cos(12wt).
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Next, y(z,0) = f(x), so
§(w,0) = f().
Then ¢; = f(w), o
J(w, t) = f(w) cos(12wt).

It is routine to compute (or use a software routine to find)

~ 10
fw) =g
Then
Ylw,t) = %5 1 o cos(144wt).

Finally, use the integral formula for the inverse Fourier transform to obtain

1 [ 10 .
y(x,t) = Re [%/ mcos(mwt)e“” dw| .

— 00

Of course y(x,t) is a real quantity, so in the last line we have taken the
real part of the integral. If we replace
iw

e“? = cos(wz) + i sin(wx)

in this integral, we can write more explicitly

1 [ 10
y(z,t) = oy /_Oo Bt cos(wz) cos(12wt) dw.

7. Apply the Fourier transform to the initial-boundary value problem to get
7" 4 16wy = 0,
Y(w,0) =0,
s ) 2 ..
7w.0) = [ sin(geiseag = 25T,

2
x w?—1

The solution of the transformed problem is

G t) = m sin(4eot).

Invert this to obtain the solution

1 [ isin(nw) . P
y(l‘,t) = Re |:27r/oo W—l) Sln(4wt)6 dw .
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9. The problem transforms (in x) to
§'+ 9wy =0,
y(w,0) =0,
(2 — iw)e~ (3+w)

7(w,0) = Fle# Hiz - Dl(w) = =2

This problem has the solution

(2 — iw)e~ (i)

glw.t) = 3w(4 + w?)

Then

_ 1 >~ (2 — iw)e_(2+iW) . W
y(.’lj,t) = % |:/_OO Wbm(&ut)e dwl .

11. This problem was solved by the Fourier transform in the text, so we can
use the result to immediately write

o= [ | e

4 —4
= _¥ [arctan <H> -+ arctan (m)] .
™ Yy Yy

9.3 Fourier Sine and Cosine Transform Methods
1. Take a Fourier sine transform (in z) of the problem to get
7§ +9w°gs =0,

G5 (w,0) = /0 £(1 — €) sin(we) d

_ 2(1 — cos(w) — wsin(w)

w3 ’
@\/S (w, 0) = 0-
The solution of the transformed problem is
2(1 — — wsi
Ys(w,t) = [ ( cos(w:g wsm(w)} cos(3wt).

Invert this to obtain the solution

2 /°° [2(1 — cos(w)) — wsin(w)
0

y(l’,t) = - OJ3

= ] sin(wa) cos(3wt) dw.

3. The sine transformed problem is

U4+ 4w*ys = 0,

Us(w,0) =0,
57/2 in 5\ _ sin )
Js(w,0) = /77/2 cos(&) sin(wé) dé = sin(w/ o)ﬂ _sl (bwm/ )'
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This has solution

Gs(w, ) = sin(w7r2/j)((;2 sing)wﬂ'ﬂ)

sin(2wt).

Invert this to obtain the solution

2 [ sin(wm/2) — sin(bwm/2)
J

ylz,t) = T 2w(w? — 1)

sin(wz) sin(2wt).

5. After applying the sine transform to the initial-boundary value problem,
we obtain
7% 4+ 196w*ys = 0,
ys(w,0) =0,
3

Ys(w,0) = / €2(3 — &) sin(wé) d¢

0
= %(2 sin(3w) — 4w cos(3w) — 3w? sin(3w) — 2w).

The transformed problem has the solution

~

yS(w’ t) =

i (25in(3w) — 4w cos(3w) — 3w? sin(3w) — 2w) sin(14wt).
w

Then
2 o
yla,t) = 7/ Us (w, t) sin(wz) dw.
T Jo

7. Apply the Fourier cosine transform in = to the problem to get
Uy + (14 w?)ic = —f(t); Uc(w,0) = 0.
This has the solution
to(w,t) = e~ (He /t F(r)e+IT g7
Invert this to obtain

2 [ 2
u(x,t) = —;/0 f(t) e cos(wa) dw.
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Chapter 10

Vectors and the Vector
Space R"

10.1 Vectors in the Plane and 3—Space

1.
F+G=(2+V2)i+3j,F-G=(2-2)i-9j+ 10k,
2F = 4i — 6j + 10k, 3G = 3v/2i + 18j — 15k, | F ||= v/38
3.
F+G=3i—-kF-G=i-10j+k,
OF = 2i — 6k, 3G = 3i + 15§ — 3k, | F |= v29
5.
F+G=3i—-j+3kF-G=-i+3j—k,
oF = 2i + 2j + 2k, 3G = 6i — 6j + 6k, | F ||= V3
7.
(544 2K)
Vi !
9.

g(—4i+7j+4k)
11. 2 =3-6t,y=1—-t,2=0
13. 2=0,y=1—-¢t,2=3-2¢
15, 2=2-3t,y=—-3+9t,2 =6 — 2t

153
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10.2 The Dot Product

In Problems 1-6, F is the first vector given in the problem G is the second, and
0 is the angle between F and G.

1. F-G =2 and
F.-G 2

IFNGI  Via

cos(f) =

F and G are not orthogonal.

3. F-G = —23,cos(f) = —23/+/29v/41 and the vectors are not orthogonal.

5. F- G = —18,cos(d) = —9/10 and the vectors are not orthogonal.

In Problems 7-12, if the given point is (zg, Yo, 20) and the normal to the
proposed plane is N = ai+ bj+ ck, then the plane through the point and having
N as normal vector has equation

a(x — x0) + by —yo) + ¢(z — zp) = 0.
The constant terms are usually collected to write this equation in the form
ax +by+cz=k.
7. The plane has equation
3z+1)—(y—1)+4(z—2)=0,

or
3z —y+4z =4.

9. 4 — 3y +22 =25
11. 7z 4+ 6y — 5z = —26

In each of Problems 13-17, the projection of v onto u is the vector

u-v
—u.
[a?
13.
proj,v = —ﬁu
15.
1
62"
17.
15
—u
53
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10.3 The Cross Product

1.
i j k
FxG=|-3 6 1|=8i+2j+12k
-1 -2 1
and
i j k
GxF=|-1 -2 1|=-8i—-2j—12k=-Fx G
-3 6 1
3.

FxG=-8—-12j—5k=-G xF

In Problems 5-9, the three given points are used to find two nonparallel
vectors in the plane that is sought (assuming that the points are not collinear).
The cross product of these vectors is a normal to the plane. We than have a
point on the plane and a normal to the plane, so we can find an equation of the
plane.

5. Vectors from the first point to the second and third points are F = 4i —
j— 6k and G =1i— k. Compute

N=FxG=i-2j+k.

Because this cross product is not the zero vector, the given points are not
collinear. The plane containing these points has equation

(@+1Di+(y—1j+(z—6)k) - N =0.

This is
r+1-2y—1)4+2-6=0,

or
T—2y+z=3.

7.2z —1ly+2=0
9. 292 + 37Ty — 122 = 30

In Problems 10-12, recall that a plane ax + by + cz = k£ has normal vector
ai+ bj + ck, or any nonzero multiple of this vector.

1. N=i—j+2k

13. If two sides of a parallelogram meet at a point, with an angle 6 between
the sides, then the area of the parallelogram is the product of the lengths
of these sides, times the cosine of #. Now suppose F and G are vectors
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drawn from a corner of the parallelogram, along two incident sides, and 6
the angle between these vectors. Then

I F [l G || cos(0)

is the product of the lengths of incident sides, times the angle between
them, hence is the area of the parallelogram. But

I F Il G [l cos(0) =[| F x G ||

so the magnitude of this cross product is the area of the parallelogram.

10.4 n— Vectors and the Algebraic Structure of
Rn

1. Let F =< —2,1,-1,4 >. Then O =< 0,0,0,0 > is in S (the scalar
multiple of 0 with F). Further, if a and b are real numbers, then

aF 4+ bF = (a + b)F,

so a sum of scalar multiples of F' is again a scalar multiple of F, hence is
in S. Finally,
a(bF) = (ab)F

so a scalar multiple of a vector in S is in S. Therefore S is a subspace of
R*.

3. S is not a subspace of R®. The zero vector does not have fourth component
1, and a sum of vectors with fourth component 1 does not have fourth
component 1. S fails on scalar multiples as well.

5. S is not a subspace of R*. For example, < 1,1,1,0 > and < 0,1,1,1 >
are both in S, but their sum is not, having no zero component.

In Problems 7-16, keep in mind that a set of vectors is linearly dependent if
some linear combination of these vectors, with at least one nonzero coefficient,
is equal to the zero vector. And the vectors are linearly independent exactly
when the only linear combination of these vectors adding up to the zero vector
is the trivial one, with all zero coefficients.

7. If
a(3i+2j) +b(i—j) =< 0,0 >,

then
3a+b=0and 2a —b=0.

From the second equation, b = 2a, and then the first equation is 5a = 0,
so a = 0 and then b = 0. The only linear combination of these vectors
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that equals the zero vector is the trivial combination, so the vectors are
linearly independent.

We could also observe that neither vector is a linear combination of the
other, which would be the case of these two vectors were linearly depen-
dent.

9. These two vectors are linearly independent because neither is a scalar mul-
tiple of the other (which would occur for two linearly dependent vectors).

11. The vectors are linearly dependent because

2<1,2,-3,1>+<4,0,0,2>—<6,4,—-6,4 >=<0,0,0,0 > .

13. The vectors are linearly dependent because

2<1,-2>-2<4,1>+4+<6,6>=<0,0>.

15. The vectors are linearly independent.

In each of Problems 17-21 it is routine to show that S is not empty, and
that a linear combination of vectors of S is in S, showing that S is a subspace
of the appropriate R™. We will show how to find a basis for S.

17. Every vector in S has the form
r<100,-1>4y<0,1,-1,0 > .

Therefore the two vectors < 1,0,0,—1 > and < 0,1,—1,0 > span S.
These vectors are also linearly independent, and so form a basis for S,
which has dimension 2.

19. S consists of all vectors in R™ of the form
<x1,0,29, - ,xp_1 > .
The n — 1 independent vectors
<10,0,---,0>,<0,0,1,0,---,0>,--- ,<0,0,0,---,0,1>

span S, so S has dimension n — 1.

21. Every vector in S is a scalar multiple of
0,1,0,2,0,3,0 >
so this vector forms a basis for S and S has dimension 1.

23. The spanning vectors are independent and form a basis for the subspace
S of R? that they span. Further, by inspection,

<=5-3,-3>=-5<1,1,1>+42<0,1,1>.
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25. The spanning vectors are independent and so form a basis for the subspace
S of R* that they span. This subspace has dimension 3. For X to be in
S, we need numbers a, b and ¢ so that

a<1,0,-3,2>+4+b<1,0,—-1,1 >=< —4,0,10,—5 > .
This requires that
a+b=—-4,—-3a+b=10, and 2a + b = —5.
Then a = —3,b = —1, so
< -4,0,10,-7>=-3<1,0,-3,2>—-<1,0,-1,1 >
and < —4,0,10,—4 > isin S.
27. Because U is in S, which is spanned by Vy,--- Vi, we must have
U=c¢Vi+- +c Vg,
so Vi,--+, V., U are linearly independent.
29. Suppose the set of vectors is V1, -+ Vi, O. Then
0V +0Vy+--- 4+ 0V +10=0

is a linear combination of the vectors adding up to the zero vector, and
with a nonzero coefficient. This makes the original set of vectors (including
the zero vector) linearly dependent.

10.5 Orthogonal Sets and Orthogonalization
1.
||V1+"'+Vk ||2=(V1+"'+Vk)‘(vl+"'+vk)
=V - (Vi+--+Vi)+ V- (Vi+- -+ Vi) + -
+ Vi (Vi4---+Vy)
=V - Vi +Vy- Vot .- V-V
= VPPV 24 V|

in which we have used the fact that Vi-V; =01if ¢ # j.

3. Reason as in Problem 2, except now use the fact that

n

Y XV V=X

j=1
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In each of Problem 4-11, the given vectors are denoted Xi,--- , Xy in the
given order.

5. Take V1 = X and

11
V, :X2+€X1 =< 0,4/572/5,0> .

7. Let Vi = X4 and
Vo, =X, + iX
R AT
1
=—x<1 —41 .
%6 < 109, 0, ,H8 >
Finally, let

17 331/26
Vao=Xa— —X,; — 22/27
BT T 96 T 651726
17 331
=X3— V-V
8726 ' 651 °
1
= < —962,0,—14 14>,
o5 < —962,0,-1406,0,814 >
9. Vi = Xy,
1
Va=Xp - X
1
= — <21,-8,-60,—31,-18,0
10< ) ) 9 ) ’ >7
Ve — x. _ 3% _ 163/10
ST T I07 T 269/10 2
= —423,-300, 489, —759, 132
5gp < 423,300,489, ~759,132,0 >,
and

15 13/2 4455 /269

V=X, + —X; — el it
4= Rt ™ T 56010 V2T 4095,260 4

= 9i1 < 337, —145, 250,29, —9,0 > .

11. V; = X; and V3 = X because Xs and X; are orthogonal. Finally,

4 4 1
=X3+--Vi+-Vy= — — 1 .
Vs 3T 5 V1 2V2 3<0, 8,0,—8,0,16 >
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10.6 Orthogonal Complements and Projections

1. Let V; =< 1,—1,0,0 > and V5, =< 1,1,0,0 >. These form an orthogonal
basis for S. Then
u- Vl u- V2
= \% \%
WYV, T,

= -4V + 2V, =< _2;67070 >

and
ut =u—ug=<0,0,1,7>.

The distance between u and S is
| ut ||= V/50.

3. Let

Vi=<1,-1,0,1,-1 >V, =<1,0,0,—1,0 >, V3 =< 0,—-1,0,0,1 > .

Then . 1
ug = §V1 +Vy —3V3= 5 <9,-1,0,5,—13 > .
and
n 1
u = 3 <-1,-1,6,-1,—1>.

The distance between u and S is

| ut ||= V0.

5. Let
V,=<1,0,1,0,1,0,0 > and V5 =< 0,1,0,1,0,0,0 > .

We find that

1 1

us =3V + §V2 =3 <6,1,6,1,6,0,0 >

and

1
ut = 5 <10,1,-4,-1,-6,—6,8 > .

The distance between u and S is

1
| ut = 5\/254.
7. Let vi,---,vg be an orthogonal basis for S, and uy, - - - u, an orthogonal

basis for S+. Then the vectors

ug, - ,Uk, Vi, - Vyp
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span R™ because every n— vector is a sum of a vector in S (a linear

combination of vi,---,vy) and a vector in S* (a linear combination of
uy, - ,u,). Further, the set of vectors
g, -, U, Vi, " Vp

are linearly independent, because no one of them is a linear combination
of others in this set. These k + r vectors therefore form a basis for R™.
Because R™ has dimension n,

n==Fk+r.
That is,
dimension(S) + dimension (S*) = dimension(R").
9. Denote
V;=<2,1,-1,0,0 >,V =< —-1,2,0,1,0 >, V3 =< 0,1,1,-2,0 > .

These form an orthogonal basis for S. With u =< 4,3, —-3,4,7 >, compute

7 4
us — §V1 +V2 — §V3

= % <11,9,—-11,11,0 > .
10. Denote
V,=<0,1,1,0,0,1 >,V, =<0,0,3,0,0,—3 >, V3 =< 6,0,0,—2,0,0 > .

With u=<0,1,1,-2,—-2,6 >, compute

8 5
=2y, -2
Us =3 Vi—g

=<3/5,8/3,1/6,—1/5,0,31/6 > .

1
Vo4 —V
AT

This is the vector in S closest to u.
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Chapter 11

Matrices, Determinants and
Linear Systems

11.1 Matrices and Matrix Algebra

14 -2 6
2A-3B=| 10 -5 -6
—26 —43 -8

3.
2 B 2+ 2z — 22 122 4+ (1 — 2)(z + e* + 2 cos(z))
A®+2AB = (4 + 2z + 2e” 4 2ze” —22 — 27 + €2 + 2€% cos(r)
5.
-36 0 68 196 20
1A +8B = (128 —40 —36 -8 72)

7. BA is not defined;

~10 —34 —16 —30 —14
AB=| 10 -2 -11 -8 -45
-5 1 15 61 —63
9. AB = (115);
3 18 —6 —42 66
-2 12 4 28 44
BA=|-6 36 12 84 —132

0 0 0 0 0
4 -24 -8 —-56 88

163
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11. AB is not defined;

410 36 —56 227
BA‘<17 253 40 —1)

13. AB is not defined;
BA = (-16 -13 —5)

15. BA is not defined;

39 -84 21
AB_<—23 38 3>

17. ABis 14 x 14, BA is 21 x 21.
19. AB is not defined, BA is 4 x 2.
21. AB is not defined, BA is 7 x 6.

23. The adjacency matrix of G is

0110 0

1101 1

A=|[1 1011

0110 1

01110

Compute

2 7 7 4 4 14 17 17 18 18
78 9 9 9 17 34 33 26 26
A3=17 9 8 9 9| and A*=]17 33 34 26 26
4 9 9 6 7 18 26 26 25 24
4 9 9 7 6 18 26 26 24 25

The number of v; — —vy walks of length 3 is (A)3, = 4 and the number of
v1 — —v4 walks of length 4 is (A%)14 = 18. The number of vy — —v3 walks
of length 3 is 9 and the number of vo — —vy walks of length 4 is 26.

25. The adjacency matrix of K is

0 1111

1 0110

A=|11011
1 110 1
1 0110
Then

4 2 3 3 2 10 10 11 11 10
2 3 2 2 3 10 6 10 10 6
A2=1[3 2 4 3 2|,A3=|[11 10 10 11 10
32 3 4 2 11 10 11 10 10
2 3 2 2 3 10 6 10 10 6
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and

42 32 41 41 32

32 30 32 32 30

At = |41 32 42 41 32

41 32 31 42 32

32 30 32 32 30
The number of v4 — —v5 walks of length 2 is 2 and the number of vy — —v3
walks of length 3 is 10. The number of v; — —vy walks of length 4 is 32
and the number of vy — —v5 walks of length 4 is 32.

11.2 Row Operations and Reduced Matrices

1. A is 3x4, so multiply A on the left by the matrix €2 formed by performing
this elementary row operation on I3. Thus form

1 0 0
Q=0 V3 0
0 0 1

This choice of € can be checked by verifying that QA = B.

3. In this case more than one elementary operation is performed, so 2 is a
product of elementary operations, the right-most factor performing the
first operation, then the next to right-most, the second operation, and so
on, with the left factor performing the last operation:

5 0 0 0 1 0 1 0 13
Q=(0 1 0 1 00 01 0
0 0 1 0 0 1 00 1

If these products are carried out, we get

o = O

O O ot

Hﬁo
w

100 1 00 1 00 1 0 0
Q=10 0 1 14 1 0 01 0)J=|0 0 4
01 0 0 0 1 0 0 4 14 1 0

In these and later problems, the delta notation is sometimes useful:

1 ifi=j,
0ij = o
0 ifi#j.
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9. Let A = [a;;] be an n x m matrix. Now, B = [b;;] and E = [e;;] are
obtained, respectively, by interchanging rows s and ¢ of A and I,,. Then,
for i # s and i # t,

bij = Qij and €ij = 62]
Ifi = S, bsj = Qatj and €sj = 525]'. Andifi = t, bij = Qsj and €ij = 5Sj'
Now consider the i,j — — element of EA. For i # s and i # t,

n

(EA)S]‘ = Zeikakj = Q35 = sz
k=1

For ¢ = s,

n n
(EA)sj = Z Eskkj = Z 5tkakj = a; = bsj.
k=1 k=1

And for i = ¢,

n n
(EA)y; = g Ciklkj = g OskOrj = Qg5 = byj
k=1 k=1

for j =1,--- ,m. Therefore EA = B.
11. Let A be n x m. Now B and E are formed, respectively, from A and I,

by adding a times row s to row ¢. For i # ¢, b;; = a;; and e;; = d;;, while
for i =t, by; = arj + aas; and eq; = dyj + adg;.

Now consider the i, j — — element of of EA. For i # t,
n n
(EA)ij = Z €ikAk; = Z 5ikakj = Qyj-
k=1 k=1

For ¢ =t¢,

n n

(BA)y; = ewar; = Y (0w + aag;)

k=1 k=1
= ag; + aasj = bsj.

This shows that EA = B.

In Problems 12-23, keep in mind that a given matrix can be reduced by
different sequences of row operations, but the end result must be the same - a
matrix has only one reduced form. There may therefore be different matrices
Q; and Q5 such that

QA =Ar = QA

We give one such matrix for each problem.

© 2018 Cengage Learning. All Rights reserved. May not be scanned, copied or duplicated, or posted to a publicly accessible website, in whole or in part.



11.3. SOLUTION OF HOMOGENEOUS LINEAR SYSTEMS 167

13. We can reduce A by first subtracting row two from row one of Iy, then
multiplying row one of the resulting matrix by 1/3:

b0 ) (8 ) e

10 1/3 4/3
QAAR<O . é é)

Then

15. A is in reduced form, so A = Ap.

For Problems 17-23, just € and AR are given.

17.
0 1 11
o= (1 L)oo o)
19. ) ) )
-1/3 0 1 —4/3 —4/3
Q‘(o 1)’AR_<0 0 0)
21.
[0 0 1 10 0 —3/4
Q=14 -4 8] Ag=[(0 1 0 3
-4 8 8 001 0
23.
00 1 0 1
01 3 0 0
10 -6 o A= |0
00 —1 1 0

11.3 Solution of Homogeneous Linear Systems

In Problems 1-12, we use the facts that (1) the system AX = O has the same
solutions as the reduced system ArX = O, and (2) the solution of the reduced
system can be read by inspection from the reduced matrix Ag.

1. The coefficient matrix and its reduced form are
1 2 -1 1 10 1 -1
A‘(o 1 -1 1>’AR_(0 1 -1 1)‘
Because A i has two nonzero rows and m = 4, the solution space has
dimension m — 2 = 2, which means that the general solution is in terms

of two of the unknowns, which can be given any values. Specifically, from
the reduced matrix,

r1 = —x3+ T4

To = X3 — X4.
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All solutions are given by

1 —x3 + T4 -1 1

o X9 _ T3 — T4 1 -1
X = I3 - T3 = 1 it 0
Ty T4 0 1

It looks a little neater to write the general solution

in which o and f are arbitrary real numbers. The solution space of this
system is the subspace of R* having basis vectors

<-1,1,1,0>,<1,-1,0,1 > .

3. The coefficient matrix and its reduced form are

2 1 2 100
A=[1 -1 0], Ax=1]0 1 0| =1Is.
1 1 0 00 1

Here A has rank 3, the number of nonzero rows of A, and m— rank (A) =
3 — 3 =0, so the solution space has dimension zero, consisting just of the
trivial solution

X =

o O O

This is consistent with the reduced system being the system

1 :0,372:0,373:0.

5. The coefficient matrix is

1 -1 3 -1 4
2 -2 1 1 0
A=l1 0 —2 0o 1
0o 0 1 1 -1

and
100 0 9/4
A |01 00 74
E=10 01 0 5/8
00 0 1 —13/8
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The solution space has dimension 5 — 4 = 1 and the general solution is

~9/4
—7/4
X=a|-5/8
13/8

1

The single vector < —9/4,—7/4,-5/8,13/8,1 > is a basis for the solution
space.

7. The coefficient matrix is

-10 -1 4 1 1 -1
0 1 -1 3 0 0
A=l 2 1 0 0 1 0
0 1 0 -1 0 1
and
1 0 0 05/6 5/9
A._ |0 10 0 23 10/9
E=1o o1 0 8/3 13/9
000 1 2/3 1/9

From the reduced system read the general solution

—5/6 ~5/9
~2/3 ~10/9
=Y —13/9
X=al 5| 0| _1
1 0
0 1

The solution space is a subspace of RS having dimension 2, with basis
vectors

< —5/6,-2/3,-8/3,-2/3,1,0 >, < —5/9,-10/9, —13/9, -1/9,0,1 > .

9. There is no x3 in the equations, so we actually have a system of three
equations in the four unknowns x1, x2, x4 and z5. The coefficient matrix
is

0 1 -3 1
A=[2 -1 1 0
2 -3 0 4
and
A _(1 0 0 —5/140 1 0 —11/17>
E=\0 0 1-6/7 ‘
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Now z1, x5 and x4 depend on x5 and

5/14

11/7

6/7
1

The solution space is the subspace of R* of dimension 1, having basis
vector < 5/14,11/7,6/7,1 >.

11. The coefficient matrix is

1 -2 0 0 1 -1 1
o 0 1 -1 1 -2 3
A= 1 0 0 0 -1 2 0
2 0 0 -3 1 0 0
and
100 0 -1 2 0
A — 01 00 -1 3/2 -1/2
E=1lo o 10 0 -2/3 3
0 00 1 -1 4/3 0
The general solution is
1 -2 0
1 —3/2 1/2
0 2/3 -3
X=al|l|+8]|-4/3]+~]| O
1 0 0
0 1 0
0 0 1

The solution space is the subspace of R” of dimension 3, with basis vectors
<1,1,0,1,1,0,0 >, < —2,-3/2,2/3,-4/3,0,1,0 >,< 0,1/2,-3,0,0,0,1 > .

13. The answer is yes. All that is required is that m — rank(A) > 0, so that
the solution space has positive dimension, hence non-zero vectors, which
are solutions of the system.

As a specific example, consider the system AX = O, where

1 0 3
A=|0 1 -1
30 9
This is a homogeneous system with three equations in three unknowns.
We find that
1 0 3
Ar=(0 1 -1
00 O
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Then A i has two nonzero rows, so the solution space of AX = O has
dimension 3 —2 =1 > 0. In fact, the general solution is

3
X=a|l
1

15. Let the rows of A be Ry, - ,R,,. These are vectors in R™. Let R be the
row space of A, which is the subspace of R™ spanned by the row vectors.

Now, X is in the solution space S(A) of the homogeneous system with
coefficient matrix A exactly when AX = O. This is true exactly when
the dot product R; - X = O for j = 1,--- ,n, which is true exactly when
each row is orthogonal to X. But this is equivalent to X being orthogonal
to every linear combination of these rows, hence to every vector in the row
space R of A. This makes the solution space of the system the orthogonal
complement of the row space:

Rt =S(A).
Because the columns of A? are the rows of A, similar reasoning shows that
the solution space S(A?) of the system A'X = O has the column space

C of A as its orthogonal complement:

C+t = S(AY).

11.4 Nonhomogeneous Systems

1. The augmented matrix is

with reduced form

10 0 @ 1
[ABlr=10 1 0 ! 1/2
00 1 : 4

The reduced forms of the matrix of coefficients of the system and the
augmented matrix have the same number of nonzero rows, so both A

and [A:B] have the same rank (in this case 3). Therefore this system
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is consistent. We can read the solution from the reduced form of the

augmented matrix:
1

X=11/2

4
In this case the solution is unique because m minus the rank of A is
3 —3 = 0, so the associated homogeneous system has only the trivial

solution.
3. We have
2 -3 0 1 0 -1 0
[AB]=13 0 —2 0 1 0 i1
0 1 0 -1 0 6 3
and

100 -1 0 17/2 : 9/2
1o -1 0 6 : 3
1 —3/2 —1/2 51/4 : 25/4

[ABJr = | g
0

o

A and [A:B] have the same rank 3, so the system has solutions. Read
from the reduced augmented matrix that

9/2 1 0 —17/2
3 1 0 —6
| 25/4 3/2 1/2 —51/4
X = 0 +al ) +8 o | 7 0
0 0 1 0
0 0 0 1
5. The augmented matrix is
0 3 0 —4 0 0 10
[AEB]: 1 -3 0 0 4 -1 8
0 1 1 -6 0 1 -9
1 -1 0 0 0 1 0
and its reduced form is
1000 -2 2 : -4
: 0100 -2 1 @ -4
[AZB}RZ )
0010 -7 9/2 : =38
00 0 1 —3/2 3/4 : —11/2
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Both A and [A:B] have the same rank 4 (number of nonzero rows in
their reduced forms), so this system has a solution. From the reduced
augmented matrix we read the general solution

4 2 9

4 2 -1

| -38 7 —9/2
X=1_up| T 32| 79| -3
0 1 0

0 0 1

7. The augmented matrix is

[ABl=|0 1 0 1 -1 : 2

(aw]
(@)
—_
&
)
(@)

with reduced form
1 00 1/2 3/4 : 9/8
[ArRCl=10 10 1 -1 @ 2
01 -3 2 : 0

o

The system is consistent (same number of zero rows in A i and the reduced
augmented matrix), and

9/8 ~1/2 —3/4
2 -1 1
X=10 |+« 3 +6] -2
0 1 0
0 0 1

9. The augmented matrix is

00 14 0 -3 01 : 2
11 1 -1 0 10 : —4
with reduced form
1 1 0 1 3/14 1 —-1/14 : —29/7
001 0 —3/14 0 1/14 : 1/7
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The matrix of coefficients and its augmented matrix have rank 2, so the
system is consistent. The general solution is

—29/7 -1 1 —3/14 -1 1/14 0
0 1 0 0 0 Z1/14
1/7 0 0 3/14 0 0
X = 0 J+a| O |+8[L|+y|[ O [+5]| 0 f+e|
0 0 0 1 0 0
0 0 0 0 1 1
0 0 0 0 0
11. The augmented matrix is
7T -3 4 0 -7
2 1 -1 4 6
0 1 0 -3 -5
and the reduced augmented matrix is
1 0 0 19/15 : 22/15
010 -3 = =5
0 0 1 —67/13 : —121/15

The rank of A and of the augmented matrix is 3, so the system is consis-
tent. The general solution is

22/15 ~19/15
-5 3
X=1_121/15| | 67/15
0 1

13. The augmented matrix is

and its reduced form is

1 0 0 : 16/57
0 1 0 : 99/57
0 0 1 : 23/57
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A and the augmented matrix both have rank 3, which is also the number
of unknowns, so the system has a unique solution

16/57
X = | 99/57
23/57

15. Write
aq

Qa2

QOm

Let the columns of A be Cq,---,C,,. Then AX = B if and only if
a101+~'+amCm = B.

This means that X can be a solution if and only if X is a linear combination
of the columns of A, hence is in the column space of A.

11.5 Matrix Inverses

Problem 1 shows all of the row operations used to reduce the matrix and find
the inverse, or show that the matrix is singular. For Problems 2-10, just the
inverse is given if the matrix is nonsingular.

1. Reduce
-2 1o — add 2 times row one to row two -2 10
2 1 : 0 1 0o 5 : 2 1
— multiply row one by —1 =2 -10
0o 5 = 2 1
1 -2 : =10

— multiply row two by 1/5
0 1 2/5 1/5
0 : —1/5 2/5
01 : 2/5 1/5

Because I has appeared on the left, the given matrix is nonsingular and
the right two columns of this augmented matrix form the inverse matrix:

1 /-1 2
-1 _ *
A1),

— add 2 times row two to row one
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3.
1 /-2 2
71_7
A 12(1 5>
5.
1 /3 -2
_1_7
AT=n (3 6)
7.
L (-6 11 2
A*lf—1 3 10 —1
S\t 7 10
9.
L (6 6 0
A*lz—ﬁ -3 -9 2
3 -3 -2
11.
-1 -1 8 4 1 —23
_ 11-9 2 -5 14 2 1 |-75
_ lp . — _
X=A B_11 2 2 -5 3 0] 111 -9
3 3 -2 -1 -5 14
13.
X=A"'B
L (112 9\ /4 1 (22
=53 3 16 5 5 = 27
8 24 4 8 30
15.
] 5 —15 —15 0 L2
X:A‘lB:—2—5 —-10 15 10 0 = 14
-5 10 0 -7 0

11.6 Determinants

In Problems 1-6 we provide a sequence of row and /or column operations leading
to a determinant that is easily evaluated. Other sequences of operations can
also be used.

1. Add 2 times row two to row one and then —7 times row two to row three

to obtain
-2 4 1] o 16 7
1 6 3/=|1 6 3 (1)3“(1)‘_122 _717‘22.
70 4] |0 —42 17
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3. Add column two to column one, then 2 times column two to column three:

-4 5 6 1 5 21
-2 3 5/=[1 3 14 :(—1)3”(—2)‘
2 -2 6/ [0 -2 0

1 21‘ 4

1 14

5. Add 2 times column three to column one and then add column three to
column two to obtain

17 -2 5 27 3 5
1 12 0|=|1 12 0 :(—1)3+3(—7)’
4 7 =71 |0 0 -7

271 3

) 12‘ = 2,247

For Problems 7-10, we just give the value of the determinant.
7. —122
9. 72

11. —15,698

13. 3,372

15. Add columns two, three and four to column one, then factor (a+b+c+d)
out of column one to obtain

a b ¢ d 1 b ¢ d
b ¢ d a 1 ¢ d a
¢ d o b= @tbrerdl Ly
d a b c 1 a b c

Now add
(=1)row two + row three — row four

to row one and factor out b — a + d — ¢ from the new row one to obtain

1 b ¢ d
(a—f—b—i—c—i—d)(b—a—i—d—c)l ¢ d a
1 d a bl
1 a b ¢
17. Use induction to prove that, for n = 2,3, -- -, the determinant of an n x n

upper triangular matrix is the product of the main diagonal elements.
For n = 2, this is obvious because

ail a2

= a11a22.
0 a9 11022

Now suppose the statement is true for some n > 2. We want to prove that
it is true for n + 1. Let A be an n 4+ 1 X n + 1 upper triangular matrix.
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Then a;; = 0 for ¢ = 2,--- ,n+ 1, so by expanding by column one, we

have
|A| = a1 B,

where B is the n X n upper triangular matrix obtained by deleting row
one and column one of A. By the inductive hypothesis,

\B| = (22G33 ' Ap+1,n+1-

Then
\A| = Q11022 An41n+1-

This completes the proof by induction.

11.7 Cramer’s Rule

1. |A| =47 # 0 so Cramer’s rule applies:

L= l—4 1 - 8 —1| a7

15 —4 11 115 5 100
=——,T2= — =——.
47 477 T 47

3. |A| =132 and the solution is

1 |0 43 66 1
ST A R T TS
4 6 1
1|8 05 31 114 19
1‘2:7 — — :77:7—7
32| 5 4 132~ 22
and
1|8 40 24 2
B=p |l 0 T T
2 6 —4
5. |A] = —6 and
g W0 5
1_672_ 3,3 6

7. |A| = 4 and the solution is

172 109 43 37
e 2 2 2

9. |A| =93 and
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11.8 The Matrix Tree Theorem

1. The tree matrix for this graph is

2 0o -1 0 -1
0 2 -1 -1 0
T=|-1 -1 4 -1 -1
0O -1 -1 3 -1
-1 0 -1 -1 3

Evaluate any 4 x 4 cofactor of T to obtain 21 as the number of spanning
trees in the labeled graph.

4 -1 0 -1 -1 -1
-1 2 -1 0 0 0
o -1 3 -1 -1 0
-1 0 -1 4 -1 -1
-1 0 -1 -1 3 0
-1 0 0 -1 0 2

T:

and each cofactor gives 61 as the number of spanning trees

3 -1 0 0o -1 -1
-1 3 -1 0 -1 0
o -1 4 -1 -1 -1
0 0o -1 2 -1 0
-1 -1 -1 -1 4 0
-1 0 -1 0 0 2

T =

and the number of spanning trees is 61.
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Chapter 12

Eigenvalues and
Diagonalization

12.1 Eigenvalues and Eigenvectors

1.
pa(M) =M —A| =X -2\ -5

so the eigenvalues of A are 14 /6 and 1 — /6, with eigenvectors, respec-
tively,
vi= () ve= (1)

The Gerschgorin circles are of radius 3 about (1,0) and radius 2 about
(1,0).

3. The characteristic equation is
M4+30-10=0

and eigenvalues and eigenvectors are

M= —5,V; = (71) D=2,V = ((1))

One Gerschgorin circle has radius 1 and center (2,0), and the other is the
degenerate circle of radius 0 about (—5,0).

5. pa(\) = A2 — 3\ + 14,
M = (3+ VATi) /2, V) = (—1 +4\/m-)

181
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X = (3 VATI)/2,Vy = (1 4\/4ﬁi)

The Gerschgorin circles have radius 6, center (1,0), and radius 2, center
(2,0).

7. pa()) = A3 — 5A2 + 6.

0 2 0
M=0Vi=[1], =2 Vo=[1],03=3V;=[2
0 0 3

The Gershgorin circle has radius 3, center (0, 0).

9. pa(\) = XN2(A+3)

1 1
M=-3Vi=[0] =X=0Vy=[0
0 3

All eigenvectors associated with the double eigenvalue 0 are constant mul-
tiples of Va. The Gershgorin circle has radius 2, center (—3,0).

11. pa(A) = A+ 14)(X — 2)2,

—16
M=—14Vi=| 0 | x=x=2V,=
1

= o O

All eigenvectors associated with Ay are constant multiples of V,. The
Gershgorin circles have radius 1, center (—14, 0) and radius 3, center (2, 0).

13. pa(X) = A(\2 — 8\ +7),

14 6 0
AM=0 V=71, 2=1,Vy=[0]|,A3=7,V3=1{0
10 5 1
The Gershgorin circles have radius 2, center (1,0), and radius 5, center
(7,0).
15. pa(N) = (A= 1)(A = 2)(A\2 + X — 13),
-2 0
—11 0
A1:17\/1: 0 7>\2:27V2: 1
1 0
VB3 -7 —/53 -7
-1+ /563 0 —1-v53 0
)\3—#7‘73— 0 VRS 5 , Vo= 0
2 2
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The Gershgorin circles have radius 2, center (—4,0) and radius 1, center
(3,0).

17. We know that AE = AE. Then
A(AE) = A’E = A(AE)
= ME = \(\E) = \’E.

This says that A2 is an eigenvalue of A? with eigenvector E. It is not a
routine inductive argument to show that A\™ is an eigenvalue of A™ with
eigenvector E, for any positive integer n.

12.2 Diagonalization

1. The characteristic equation is A2 — 3\ + 4 = 0, so the eigenvalues are

34+ VTi 3—Ti
5 andz\ng.

A=

Corresponding eigenvectors are

V) = (—35\@) and Vs, = (—3—2\@)‘

The matrix
P 2 2
T\-3+VTE -3 —VTi
diagonalizes A, and

PAP = <(3 +VTi)/2 0 ) .

0 (3 —/Ti)/2

If we wrote the eigenvectors in different order in defining the columns of
P, then the columns of P~'AP would be reversed.

3. The characteristic equation is A2 —2A+1 = 0, with repeated root 1. Every
eigenvector is a scalar multiple of

vi- (0).

Because A does not have two independent eigenvectors, A is not diago-
nalizable.

5. The eigenvalues and corresponding eigenvectors are

0 5 0
M=0,Vi= 1] X=5Ve=[1],0=-2Vs=]-3
0 0 P
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The matrix

P=0 5 0
1 1 -3
0 0 2
diagonalizes A and
00 O
PT'AP=(0 5 0
0 0 -2

7. Eigenvalues and corresponding eigenvectors are

0 -3
M=LVi=[1] do=X=-2V,=[1
0 0

All eigenvectors associated with the repeated eigenvalue —2 are scalar
multiples of V5. Because A does not have three linearly independent
eigenvectors, A is not diagonalizable.

9. The characteristic equation is
A=1)(A—=4)(A\? +5\+5) =0.

Eigenvalues are A\; = 1, A = 4, A3 = (—5++/5)/2, and \y = (—5—+/5)/2).
Corresponding eigenvectors are

1 0
0 1
V1: 0 ,VQZ ol
0 0
0 0
V.o | @=3VD)/a) o | (2+3V5)/4
ST (14 vB)2 | T | (-1 VB2
1 1
Let
10 0 0
p_ |0 1 (2-3Vh)/a1 (2+3V5)/4
o 0 (-1+VB)/2 (-1-VE)/2
0 0 1 1

Then P diagonalizes A:

100 0
P'AP=|0 1 0 00 0 (-5++v5)/2 0
0 0 0 (=5—-+5)/2

© 2018 Cengage Learning. All Rights reserved. May not be scanned, copied or duplicated, or posted to a publicly accessible website, in whole or in part.



12.2. DIAGONALIZATION 185

11. Let
A0 0 0
0 X O 0 0
D=0 0 X 0 0
0o 0 O 0 An
Then
D =P !AP,
SO
A =PDP L.
Then

AF = (PDP 1)k
= (PDP ) (PDP~'...(PDP})
= PDFP !,
with the interior pairings of P and P! canceling.
Problems 12-15 can be solved using the idea of Problem 11, coupled with
the fact that the kth power of a diagonal matrix is the diagonal matrix formed

by raising each diagonal element to the kth power.

13. Eigenvalues of A are —1, —5, and the matrix of respective eigenvectors,
4 0
St
-1 0
o (0 1)

e ()

diagonalizes A to

Now,

S0 compute

1 0
6 _ 6p-1 _
A7 =PD7P™ = (—3906 15625) '
15. Eigenvalues of A are /2, —v/2. Form
()
P= 1 1 .

Then
P= (—\/\%;14 %)
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Let
(V2 o0
B(O ).
Then

6 _ 6p—1_ (8 O
A® =PD°P —(08.

12.3 Special Matrices and Their Eigenvalues and
Eigenvectors

In Problems 1-12, find independent eigenvectors for the given matrix. Normalize
these by dividing each eigenvector by its length. These normalized eigenvectors
form columns of an orthogonal matrix that diagonalizes the given matrix.

It is routine to show that eigenvectors are orthogonal by taking their dot
product. We will omit the arithmetic of this verification.

(7).

Divide each by its norm to get unit eigenvectors and form the orthogonal

matrix
Q _ 1/\/5 _2/\/5
- (v s )

This is an orthogonal matrix that diagonalizes A.

1. We find eigenvectors

3. Eigenvectors are

() ()

1 1

Normalize these to form

14+v2 1-v2
Q= \/4-§2¢§ \/4—12\/5

Varevz  Va-2v2

5. Eigenvalues of A are 3, v/2 — 1 and —v/2 — 1, with corresponding eigen-
vectors

0 1 1
Vi=|0|,Vo=|V2-1|V3=|-2-1
1 0 0

© 2018 Cengage Learning. All Rights reserved. May not be scanned, copied or duplicated, or posted to a publicly accessible website, in whole or in part.



12.3. SPECIAL MATRICES AND THEIR EIGENVALUES AND EIGENVECTORS187

For an orthogonal matrix that diagonalizes A, let

1 1
0 Va—2vz  Va12v2
_lo V21 —v/2-1
Q= Vi—2v2  Va+r2v2
Vv2-1 —v2-1

Vi—2v2  Var2v2

7. Eigenvalues are

1 1
7, 5(5 + V41), 5(5 —V41)
with corresponding eigenvectors

0 5+ V41 5 — /41
V1: 1 ,V2: 0 ,V3: 0
0 4 4

The following orthogonal matrix diagonalizes A:

54+1/41 5—+/41
V82+10v41  +/82—10v41
Q=11 0 0

4 4
V/82+10v41  /82-10v41

9. The matrix is not hermitian, skew-hermitian or unitary. Eigenvalues are
2,2.

11. The matrix is skew-hermitian because St = —S. Eigenvalues are 0, v/3i, —/3i.

13. The matrix is not unitary, hermitian or skew-hermitian. Eigenvalues are
2,1, —1.

15. Suppose H is hermitian. Then
H=H'

Then o
HH! = HH! = HH = HH.

17. Suppose S is skew-hermitian. Then S* = —S, so
sjj = —5;; for j=1,2,--- ,n.
Write s;; = a;; +ib;;. Then
sjj = ajj +ibj; = —aj; + ibj; = —aj; + ibj;.

But then each a;; = —a;j, so a;; = 0 for j = 1,2,--- ,n. This makes each
diagonal element of S either pure imaginary (if b;; # 0) or zero.
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12.4 Quadratic Forms
1. The matrix of the quadratic form is
-5 2
(7 )

This matrix has eigenvalues —1 + 2\/5, —1—2v/5 and the quadratic form
has standard form

(—14+2V5B)yf + (-1 — 2V5)y3.

-3 2
2 7
with eigenvalues 2 & +/29. The standard form is

(2 +vV29)y} + (2 — V29)y3.

0 -3
-3 4
with eigenvalues 2 4+ /13. The standard form is

(2+ VI3)yi + (2 - V13)y3.

0 -1
-1 2
with eigenvalues 1 £+ /2. the standard form is

1+ V2)yf + (1 - V2)y3.

3. The matrix is

5. The matrix is

7. The matrix is

© 2018 Cengage Learning. All Rights reserved. May not be scanned, copied or duplicated, or posted to a publicly accessible website, in whole or in part.



Chapter 13

Systems of Linear
Differential Equations

13.1 Linear Systems

1. The two given solutions are linearly independent because neither is a con-
stant multiple of the other. Use them as columns of a fundamental matrix

_e2t 36t
Q(t) = < 2t 6t > .

Notice that €(0) has a nonzero determinant, which is also an indicator
that the columns are independent.

Now we have a general solution

in which C is a 2 x 1 matrix of constants. To satisfy the initial condition,
we need to choose C so that

This requires that
-1 3\ (e (O
1 1 Co S \4)/

Then ¢; = 3, ¢y = 1, so the solution of the initial value problem is
—e?t 3e5%\ (3 —3e2t 4 3¢5t
X(t) = ( 2t o0t ) (1) T\ ge2t oot |-

189
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3. Because ®(0) and ®(0) are independent in R?, these solutions are inde-
pendent. Form the fundamental matrix

o) — [(2+2V3)e T2V (2 - 2/3)el Vo
( ) - e(1+2\/§)t 6(1—2\/5)1‘, :

Then X(t) = ©2(t)C is a general solution. To solve the initial value prob-
lem, we need

and we find that we must choose

1 1
01:1—6\/§702=1—|—6\/§.

5. Form the fundamental matrix

The general solution is X(t) = €2(t)C. To solve the initial value problem,
we need C such that

Solve this equation to get

24
C=1|14
-9

13.2 Solution of X’ = AX When A Is Constant

In these problems, different fundamental matrices may be found, depending on
the choice of eigenvectors used corresponding to eigenvalues of the coefficient

matrix.
In each problem, the general solution has the form X = €(¢)C, where (t)
is a fundamental matrix. We will give one choice for Q(t).

7€t 0
Qt) = (5€3t e4t)

a0 = () )

1.
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1 QeSt _674t
Qt)=| 6 33 2
—13 —2e%t ¥

7. A has eigenvalues and eigenvectors

2+ 23, (2 1),2 - 2i, <121> )

0)-()0

to form two independent solutions
—2sin(2t)
Y
&it) = ( cos(2t) )

w0 = (k)

Use these as columns of a fundamental matrix

_ (—2sin(2t) 2cos(2t)
o) = ( cos(2t) sin(2t) ) ‘

Write

and

9. A has eigenvalues 2,5, 5, with corresponding eigenvectors

1 -3
o|,[-3
0 1

All eigenvectors associated with 5 are scalar multiples of this eigenvector.
Immediately we can write two independent solutions

1
(I)l(t) = 62t 0
0
and
-3
By(t) = | -3
1

For a third solution, denote the eigenvector associated with 5 as E and let
®3(t) = Ete’ 4+ Ke™.
Substitute this into X’ = AX and use the fact that AE = E to obtain

E + 5K = AK.
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If we let
a
K=1b],
c
we obtain

—3a + 5b+ 6¢c = —3
3b+9¢c=-3
—b—3c=1.

Then a = —2/3,b=—1,¢= 0, so

()

and we obtain the third solution

—3te’ — (2/3)e
®;(t) = —3tedt — et
te5t

The three solutions obtained are linearly independent and can be used to
form the columns of a fundamental matrix.

11. The coeflicient matrix has eigenvalues 24 2i and 2—2i, with corresponding

eigenvectors
2 -2
1/)7\0 )°

From these form two independent solutions which for the columns of the
fundamental matrix

Q) = —2e2tsin(2t)  2e2t cos(2t)
T\ e*cos(2t)  e?sin(2t) )

13. The coefficient matrix has eigenvalues 1 £+ ¢. An eigenvector associated

with 1 +71 is
2+1
1 .
Form the fundamental matrix

~+(2cos(t) —sin(t) cos(t) + 2sin(¢)
Q) =e < cos(t) sin(t) ) ’

15. The coefficient matrix has eigenvalues —2, —1 4+ 27, —1 — 2i. From —2 we
obtain the solution

®(t)=e2 |0
1
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An eigenvalue for —1 + 2i is

1 0
1] +2¢(2
3 0
This gives us two more solutions:
cos(2t)
®,(t) = e ' | cos(2t) — 2sin(2t)
3 cos(2t)
and
sin(2t)
®3(t) = e ' | 2cos(2t) + sin(2t)
3sin(2t)

These solutions form the columns of a fundamental matrix.

17. The coefficient matrix has eigenvalues 3, 3, and every eigenvector is a scalar
multiple of

One solution is

Attempt a second solution

®,(t) = Ete’ + Ke3'.

<= ()

2a) = (5))-

These solutions form columns of a fundamental matrix.

Solve for K to get

Then

19. The coefficient matrix has eigenvalues 4 + /297 and 4 — /294, with corre-
sponding eigenvectors
-2 . (—+/29
()= ()

This gives us two independent solutions:

4 [(—2cos(\/29t) + /29 sin(v/29¢)
But) = ¢ ( 3cos(v/29¢) >

and
o4 —\/ECOS(\/@t) — 2sin(v/29¢)
Py(t) = e < 3sin(v29¢) > .
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21. The coefficient matrix has eigenvalues 1,1, 3,0, with corresponding eigen-

vectors
0 1 3 2
—2 0 2 0
Vl_ _2 aV2_ 0 7V3_ 2 7V4_ 1
1 0 0 0

We can write a general solution

X(t) = Viel + Vael + Vet + V.

13.3 Exponential Matrix Solutions

In Problems 1-8, the exponential matrix can be obtained using the Putzer
algorithm or a software program.

1.

oAt _ (COS(2t) — %Sin(%) %sin(2t) )
— 5 sin(2t) cos(2t) + § sin(2t)
3.
oAt _ 3t (COS(2t) + sin(2t) — sin(2t) >
2sin(2t) cos(2t) — sin(2t)
5.
At ¢+ [ cos(2t)  2sin(2t)
© = <—é sin(2t)  cos(2t) >
7.

oAt _ /2 cos(3v/3t/2) + % sin(3v/3t/2) —% sin(3v/3t/2)
Z5sin(3v/3t/2) cos(3V/3t/2) — = sin(3v/3/2)

9. First, because D is a diagonal matrix, D" is a diagonal matrix for any
positive integer n, and the diagonal element of D™ is di. Then
= 1
Dt __ nyn
n=0
and the diagonal element of eP? is
oo

n=0

| —

(@),

3

which is edit.
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11. From the result of Problem 10,
eAt _ PeDtP717

where P~1AP = D, the diagonal matrix having the eigenvalues A1, - -« , A
of A down its diagonal. But from the result of Problem 9, eP? is the di-
agonal matrix having diagonal elements e*i?.

13.4 Solution of X' = AX + G for Constant A

1. The coefficient matrix A has the repeated eigenvalue 3, 3, and every eigen-
vector is a scalar multiple of
1
-1/

One solution of the homogeneous system X’ = AX is

(1),

Using methods from Section 13.2, find a second, independent solution of
this homogeneous system to write the fundamental matrix

1+2t 2
_ 3t
9) = e (—2t 1—2t>'

For a particular solution of the nonhomogeneous system, first compute

w12t 2
() =e (zt 1+2t)

Now use variation of parameters to compute a solution of the nonhomo-
geneous system. For this method, we need

u@ﬁi/QAUXHﬂﬁ
- / ¢ (1 ;t% 1_4—2;%) (—;;d) di

B 6te=2t — e — 2t g — —3te™2t — 2
- —6te 2 + 142t TG/ +2t)e 2+t +12)

The general solution is

X(t) = Q(t)C + Q(t)u(t)
_at (12t 2t c1
-2t 1-2t) \c2
g (1+2t 2t —3te 2t — 2
+e
=2t 1-2t) \(3/2)(1 +2t)e " +t+¢2

B e3t(c1 (1 + 2t) + 2cat) + t2e3
T\ (=2c1t + (1 —2t)) + (t — t2)e3t + 3et/2)
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3. A has eigenvalues 6,6 and eigenvectors are scalar multiples of

1
1)
We find the fundamental matrix
(1 14t
wo=(1 17

for the associated homogeneous system. Use this and variation of param-
eters to find the general solution of the nonhomogeneous system:

s fatoalt+t)+2t+12 -3
X(t)=e ( c1+ cot + 4t% — 13 ‘

5. A has eigenvalues 1,1, 3,3. The eigenvalue 3 has two independent eigen-

vectors
0 0
1 -9
0 ) 2 )
1 0
and 1 has the eigenvector
0
0
O )
1

with all other eigenvectors associated with 1 scalar multiples of this one.
A fundamental matrix for the homogeneous system X’ = AX is

0 et 0 0
0 —2etet —9e

Qi) =1 0 0 23
el —btet e3t 0

The nonhomogeneous system has general solution

C2 Bt

—2cqe! + (c3 — 9cq)e3 + €t
2¢,e%t
(c1 — beat)el + czedt + (1 + 3t)et

X(t) =

For Problems 6-9, the idea is to find a general solution for the system, then
solve for the constants to obtain the solution satisfying the initial condition. For
these problems only the solution of the initial value problem is given.

7.
(—1 — 14t)et

X(t) = ( (3 — 14t)e! >
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(6 + 12t + (1/);52)67215
X(t) = (2+ 12t + (1/2)t%)e 2
(3 + 38t + 6612 + (13/6)t3)e 2t

13.5 Solution by Diagonalization

1. The coefficient matrix A is diagonalized by
11
P~ 1)
174 -1
—1 _ =
Pr=3 (—1 1 > '
The system for Z is

Z = (_01 (2)) 2+ (41 _11) <10c2s(t)> '

This is the system

70= ()= (22) +5 (o)

Solve these two independent differential equations to get

and we find that

cre”t — (5/3) cos(t) — (5/3) sin(t)
20 = (Cze% — (4/3) cos(t) + (2/3) sin(t)) :

Then
X(t) =PZ(t) = (

cre”t + cae?t — 3cos(t) — sin(t)
cre”t + 4cge®t — Teos(t) +sin(t) )

3. The coefficient matrix has eigenvalues 0,2 and is diagonalized by

1 1
P=(4)
1/1 -1
-1 _ 1+
Pr=3 (1 1 ) '
The system for Z(t) has the solution

cp —2t+ e
Z(t) = <02€12t -1+ 3€3t> .

which has inverse

Then

(14 2c0e — 1 — 2t + 43
X(t) = <—cl +cge®t — 142t 4 2¢3 )
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5. A has eigenvalues 3¢, —3¢ and is diagonalized by

(140 1
p_(3 3)

L (=3 14
1—7
P 6(32’ 1—¢)'

The transformed problem for Z has the solution

_( hePt (2 0) /6)e?
Zt) = (dze—?’” +(2+ i)/6)e2t> '

We find that

If Euler’s formula is used on the complex exponential terms, we obtain
the real solution

_ [c1(cos(3t) — sin(3t)) — ca(cos(3t) + sin(3t)) +
X(t) = ( 1 3¢y Cos(gt)03cz sin(3t) + 2¢% ) .

7. The coefficient matrix has eigenvalues 0, 3 and is diagonalized by

P:G 11>.

Compute

The uncoupled system is

(3o (5 )
The initial condition is
Z(0) = P'X(0) = Gi’@ .

Then
_( (/3 +(5/3)t +25/3
Z() = ((127/27)63” +(2/9)t — 28/27) :

The solution of the initial value problem for X is

B _(—(127/27)e3t + (2/3)t2 + (28/9)t + 47827
X(t) = PZ(t) = ( (127/27)e* + (1/3)t2 + (17/9)t + 197/27 ) :

9. The coefficient matrix has eigenvalues 1,1, —3, but there are two inde-
pendent eigenvectors associated with the repeated eigenvalue 1 and A is
diagonalized by

1 -1 1
P=(|1 0 3
0 1 1
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We find that
3 -2 3
Pl'=(1 -1 2
-1 1 -1

With X = PZ we obtain the uncoupled system

1 0 0 3 =2 3 —3e 3¢
Z=101 o0|Z+|1 -1 2 t
0 0 -3 -1 1 -1

The initial conditions are
Z0)=P'X(0)=| 6
Solve this uncoupled system to obtain
(5/2)e" — (8/3)e™3" + 3te™3" + (8/9) + (4/3)t

X(t)=PZ(t) = | (27/4)e! — (113/12)e=3 + 9te=3t + (5/3) + 3t
(17/4)e’ — (113/36)e~3" + 3te 3" + (8/9) + (4/3)t
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Chapter 14

Nonlinear Systems and
Qualitative Analysis

14.1 Nonlinear Systems and Phase Portraits

3 -5
=2

with eigenvalues —2, —2. Every eigenvector is a scalar multiple of

(1)

The origin is an improper nodal sink.

1. The coefficient matrix is

For Problems 3 — —16, only the eigenvalues of the coefficient matrix, and
the classification of the origin, are given. As typical cases, phase portraits are
drawn for the systems of Problems 3,5,6,7 and 11.

Phase portraits are included for the systems of Problems 3,4,5 and 11.

3. eigenvalues 2i, —2i; center
5. 4 + 5i,4 — 53, spiral point

7. 3,3, and the coefficient matrix does not have two independent eigenvectors;
improper node

9. eigenvalues —2 4 v/3i, —2 — /34, spiral sink
11. /5, —/5, saddle point

13. =3+ /7, —3 — /7, both eigenvalues negative, nodal sink

201
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Figure 14.1: Center of Problem 3.
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Figure 14.2: Spiral source of Problem 5.
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Figure 14.3: Saddle point of Problem 11.

15. 2+ \/§, 2 — \/g, nodal source

17. (a) First, write

dr 1

dt — t
as

—dr = —dt

X

Integrate to get
In(z) =In(t) + ¢

for x > 0,t > 0. Then = = ¢t with ¢ constant. Put this into the second
equation to get

"= ct 1
Yy = ty'
Write this as )
Y+ oy =ct,
t
or
ty +y = ct?.
Then
(ty) = ct?.
Integrate to get
€.3
ty = -t°> +d.

3
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Then
_¢

¥=3

d
2+ -,
1

(b) Suppose x(tg) = 1 and y(tg) = 0. Then it is routine to solve for ¢ and
d from part (a) to obtain

1 1 1
—t,y(t) = —t* — —t2.
ay( ) 3t0 3t 0

x(t) =

(¢) In part (b), we have trajectories through (1,0) at any time ¢y # 0.
However, these translations are not trajectories of each other.

14.2 Critical Points and Stability

In Problems 1-16, the stability type of the origin is given, based on information
in Problems 1-16 of Section 14.1.

1. The origin is an improper node that is both stable and asymptotically
stable

3. stable but not asymptotically stable center

5. unstable spiral source

7. unstable improper node

9. stable and asymptotically stable spiral sink
11. unstable saddle point
13. stable and asymptotically stable nodal sink
15. unstable nodal source

17. If € = 0, the eigenvalues are v/5i, —v/5i and the origin is a center, which
is stable but not asymptotically stable.

If € > 0, the eigenvalues are

11 1
S€+ 5\/(672)2‘ — 24,56\/(“2)2 —24.

These have positive real part. If 0 < ¢ < 2(1 +1/6), then the origin is an
unstable spiral point. If € > 2(1 + /6), the origin is an unstable saddle
point. If € = 2(1 + v/6), the origin is an unstable improper node.
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14.3 Almost Linear Systems

In Problem 1, the details of showing that the system is almost linear are in-
cluded. Problems 2-10 omit this demonstration and concentrate on analyzing
the critical point (0,0).

1. To show that the system is almost linear, consider

2 2 2
x i TCO8 (9)

lim &———
(z,y)—(0,0) \/m r—0 r

= lim 7 cos?(6) = 0.
r—0

The origin is a critical point and the matrix of coefficients of the linear
part is
1 -1
()

%(3 +V/3i) and %(3 —V3)i.

which has eigenvalues

The origin is an unstable spiral point of the linear part, hence also of the
given system.

3. The linear part has matrix

-2 2
Ao = ( 1 4)

with eigenvalues 14++/11,1—+/11. These are of opposite sign, so the origin
is an unstable saddle point.

3 12

-1 -3)’

with eigenvalues \/gi, —v/3i. The origin is a center for the linear part of
the system, so the nonlinear system could have a center or a spiral point

there.
-3 -4
1 1/

This matrix has eigenvalues —1, —1, and all eigenvectors are scalar multi-

ples of
-2
e

The origin is a stable improper nodal sink.

5. The linear part has matrix

7. The linear part has matrix
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=)

with eigenvalues 2, —3, so the origin is an unstable saddle point.

9. The linear part has matrix

11. Refer to these as systems I and II, in the order given.

(a) For each system the linear part has coefficient matrix

0 1
A= (4o)
with eigenvalues i, —i. Therefore the origin is a center for each system.
(b) For The first system, use polar coordinates, with
x =rcos(d),y = rsin(0)

and
VriZ+yZ=r.

Then

. —zy/2x?+y? | —r?cos(d)
lim = lim
(2,y)=(0,0) (/22 + 32 r—0 r

= lim —rcos(f) = 0,
r—0

independent of 6. And, similarly

_ 2 1 42
yver Yy = lim —rsin(f) = 0.

lim ———
(w»y)*’(o’o) 1/ x2 + y2 r—0

Therefore the first system is almost linear. The argument is essentially
the same for the second system.

(c) With r2 = 2% + y2, we have
rr’ =z’ + gy,

where primes denote differentiation with respect to t. Now insert the
expressions for ' and 3’ from the differential equations of system I to
obtain

' =a(y —ava? +y?) +y(—z —yva? +y?)
= —(2® +y*)Va? +y?

=7,
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Then J
r' = d—; = —r? for system L.
Similarly, if we insert the expressions for =’ and y’ from system II, we
obtain
rr’ = z(y + xv/a22 + y2) + y(—z + y/2? + ¢2)
= @+ P
=73
Then J
d—z = r? for system II.
(d) For system I,
ar
dt
This is the separable equation
1

This shows that, for system I, r/(¢) < 0, so the distance between the point
and the origin is decreasing with time.

Now integrate the differential equation for r(t) to get
1
—-=t+ec
r

To satisfy the initial condition r(ty) = 7, we need

1
— :t0+C,
To
SO
1
C= — —to.
To
Then
()= —
T =
t7t0+1/7'0

for system I. Then
r(t) = 0 as t — oo.

The first system is asymptotically stable at the origin.

(e) By an entirely analogous derivation, for system II,

r=r2>0
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so r(t) is increasing with time for system II. Solve this separable differential
equation subject to r(tg) = ro to get
1

t) = ——mF—.
") = =
Then for system II, (t) — oo as t — to+ 1/r¢ from the left. We conclude
from this that the second system is unstable at the origin.

Parts (d) and (e) show that, in the case of a center at the origin, behavior
of the the linear part of an almost linear system at the origin does not
provide definitive information about the stability of the origin for the
nonlinear system.

13. Using results from Problem 11, we have
rr’ = xx’ +yy
= z(y + ex(@® + %) + y(—z + ey(a® + 7))
= e(z® +y*)(@® + 7

= ert.
Then
dr 3
— =e€r
dt
This is separable
1
3 dr = edt.
Integrate to get
1
—ir_z =€t +c.
Then
1

r(t) = —/—m——,
®) Vk — 2et
where k = 2c¢ is an arbitrary constant which is determined by specifying
a point that the trajectory is to pass through at some positive time.
If € < 0, then
1
r(t) = —— —0
VE+2]elt

as t — oo. In this case trajectories approach the origin as t — oo and the
nonlinear system is asymptotically stable.
However, something different happens if € > 0. Suppose r(0) = p, so a
trajectory starts at a point p units from the origin at time zero. Then
k=1/p* and
1
r(t) = ——.
(1) — et

Now, as t starts at zero and increases toward 1/(2€p?), 7(t) — oo, so there
is a time close to which the point is arbitrarily far from the origin. This
makes the origin unstable.
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14.4 Linearization
1. For critical points other than the origin, solve
r—y+22=0,+2y=0

to get (—3/2,3/4). We find that

-2 -1
A(73/2,3/4) = ( 1 2 ) )

which has eigenvalues V3 and —/3. This critical point is an unstable
saddle point of the linear part, and therefore of the given system.

3. The critical point other than the origin is (—5, —5). We find that

-2 2
A(,5’,5) = ( 1 —6) .

This has eigenvalues —4 + /6, —4 — /6, which are unequal and both
negative. This critical point is a stable and asymptotically stable nodal
sink of the nonlinear system.

5. The system has one critical point other than the origin, (—1/2,1/8). Cal-

culate
3 12
Ac1y21/8) = (_1/4 _3> .

with eigenvalues are v/6, —v/6, so this critical point is an unstable saddle
point.

7. Aside from the origin, the system has critical points (1/2,—1/2). We have

—2 -3
Aqya-1/2) = ( 11 >

with eigenvalues (—14+/37)/2, so (1/2,—1/2) is a spiral point, stable and
asymptotically stable because the real part of the eigenvalues is negative.

9. The critical point other than the origin is (—3/8,—3/2). We find that

—2 -2
A(-3/8-3/2) = <_4 1 )

with eigenvalues (—1 £+ 1/23i)/2, so (—3/8,—3/2) is a stable and asymp-
totically stable spiral point.
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Chapter 15

Vector Differential Calculus

15.1 Vector Functions of One Variable

In Problems 1 and 2 the details of the differentiation are carried out both ways.
For Problems 3-8 just the derivative is given.

1. First use the product rule:

(fOF®) = f'OF @) + fO)F'(2)
= (—12sin(3t))F(t) + 4 cos(3t)(6tj + 2k)
= —125sin(3t)i + (24t cos(3t) — 36t sin(3t))j
+ (8 cos(3t) — 24t sin(3t))k.

If we first carry out the product, we have
F(®)F(t) = 4cos(3t)i + 12t* cos(3t)j + 8t cos(3t)k,
SO
(FF(t) = —12sin(3t)i
+ (24t cos(3t) — 36t sin(3t))j + (8 cos(3t) — 24t sin(3t) k.
3. Apply the product rule for cross products:
i j k i j k

(F(t) x G(t)) = |1 0 0| + |t 1 4
1 —cos(t) t 0 sin(t) 1

= —tj — cos(t)k + (1 — 4sin(t))i — tj + tsin(t)k
= (1 —4sin(t))i — 2¢j — (cos(t) — ¢sin(t) k.

211
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212 CHAPTER 15. VECTOR DIFFERENTIAL CALCULUS

5.
(FOF®) = (1 - 8t2)i
+ (6t% cosh(t) — (1 — 2t%) sinh(t))j + (e — 6t%e’ — 2t3e")k
7.
(F(t) x G(t)) =te'(2+t)(§ — k)
9.

F(t) = sin(t)i + cos(t)j + 45tk

is a position vector for the curve, and
F'(t) = cos(t)i — sin(t)j + 45k

is a tangent vector. The distance function along C' is
t t
s(t) :‘/.IIF%T)H dr::][ 2026 dr = v/2026t.
0 0

Then ¢t = s/v/2026 and we can write a position vector in terms of s:

G(s) = F(t(s)) = sin <\/2i)Ta> i+ cos (\/2";729 i+ %k.

Now we can write a tangent vector in terms of s:

1 S

s
G'(s) = —= |cos | ——= |i—sin | ——= '+45k} .
(=) V2026 [ <\/2026> (\/2026)]
11. F = t2(2i + 3j + 4k) is a position vector for the curve, and
F/(t) = 2t(2i + 3j + 4k)

is a tangent vector. The distance function along the curve is given by

0 = [ 1F(E) | dg=2v8 [ cae = v 1),

Then
t=1/1+5/V29.
Let
G(s) = F(t(s)) = (\/;9 + 1> (2i + 3 + 4k).
Then 1
g@:7@m+ﬁ+m

is a unit tangent vector.
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15.2 Velocity, Acceleration and Curvature
In Problems 1-10, we can compute
v=F/(t),a(t) =F"(t),0(t) =[| v(t) |

by straightforward calculations. Next,

1 1
T(t) = @v(t) “TFO HF’(t).
Tangential and normal components of the acceleration can be obtained as
aT:CC%) and ay = /|| a2 —a?.
The unit normal is 1
N(t) = (@) = arT(t)).

In this way it is not necessary to compute s(t) and write vectors in terms of s,
which is often awkward. We can also compute

1 dT
Nit)= —————.
®) || dT/dt || dt
Curvature is often easily computed as
— anN
R = F
We can also compute curvature as
_ @) |l
I E(2) ||

k can also be obtained from a formula requested in Problem 13:

[ E/(t) < F"(#) ||
T IFOR
1. The velocity is
v(t) = F'(t) = 3i + 2tk
and the speed is

o(t) =l v(t) = V9 + 422

The acceleration is
a(t) =F"(t) = 2k.

A unit tangent is

1 .
T(t) = \/ﬁ(m + 2tk).
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The curvature is

_ITwl 6
[F/@) | (9+482)3/2
Finally,
dv 4t
aT = =
dt /9 + 412
and
ax = flalf - = ———.
T Vot
3.
v(t) =2i—2j+k,v=3,
1
ar =any =k =0
5.

v(t)=—3e '(i+]j—2k),a(t) =
o(t) = 3vGe=t, (1) = —

ar = —3\/ée_t,aN =0,k=0

v(t) = 2cosh(t)j — 2sinh(t)k, v(t) = 24/cosh(2t),
a(t) = 2sinh(t)j — 2 cosh(t)k,

T(t) = (x)lsh(t)(COSh(t)j — sinh(t)k),
a(t) = 2sinh(2t) A 2
B \/cosh(2t)’ N \/cosh(2t)’
1
" 2(cosh(2t))3/2

Here we have used the identity

cosh(2t) = cosh?(t) + sinh?(¢t).

v(t) = 2t(ai + Bj + k),
a(t) = 2(ai+ Bj + k)
olt) = 2V T

1
s CLk
T(t) a2+62+’y2(a1+ﬂ3+7 )
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15.2. VELOCITY, ACCELERATION AND CURVATURE 215
aynN = 0, R = 0,

an = 2(sgn(t))va? + 42 + 72,

1 ift>o0,
() =3 i<

and

where

11. The position vector for a straight line has the form
F(t) = (a+bt)i+ (c+dt)j+ (p + ht)k.
The tangent vector is the constant vector
T(t) = bi+ dj + hk.

Then T'(t) = O, so k = 0.
Conversely, suppose C' is a smooth curve having zero curvature. Then

k=] T'(s) [|=I| F”(s) || = 0.
If we write

F(s) = f(s)i+g(s)j + h(s)k,
this means that

f'(s) =g"(s) =1"(s) = 0.

But then f(s) = a + bs,g(s) = ¢+ ds,h(s) = p+ hs for some constants
a,b,c,d,p, h. This makes F(s) the position vector of a straight line.

13. First write 1
Tt) = ——f/(t) =

1 !
=0 (o)

o(t)
This enables us to write
F =T.

Now, F”(¢) is the acceleration a(t), and T x T = O, so

vT x F" = vT(arT + ayN)
=varT x T +vayT x N
=vanyT x N
= v(v?k)T x N.
But T and N are orthogonal unit vectors, so

|TxN|=1

Then
| F' x F" ||= vk.
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216 CHAPTER 15. VECTOR DIFFERENTIAL CALCULUS

Finally,
v=| F|
SO
| /(1) x B (1) || ®
I E(t) |

15.3 The Gradient Field

1.

0 .0 .0 ) .
Vo(z,y,z) = %(xyz)l + ;y(xyZ)J + @(wyZ)k = yzi+ xzj + zyk,

Vo(l,1,1) =i+j+k
The maximum value of Dy (1,1,1) is
| Vee(1,1,1) = V3.

The minimum value is —+/3.

Vo(z,y,2) = (2y + €7)i+ 2zj + ze’k,
V(—2,1,6) = (2 + )i — 4j — 2¢°k.

The maximum value of Dy, (—2,1,6) is

/20 + 4e6 4 5el2

and the minimum value is the negative of this.

Vo(x,y, z) = 2y sinh(2zy)i + 2z sinh(2zy)j — cosh(z)k,
V(0,1,1) = — cosh(1)k.

The maximum value of Dy(0,1,1) is cosh(l). The minimum value is
— cosh(1).

Du@(xvyaz) = V@(%yaz) ‘u

= ((8y* — 2)i + 16xyj — 2k) - —=(i+j + k)

Sl

(8y* — 2z + 162y — 2)

Sl
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15.3. THE GRADIENT FIELD 217

Du(LE, Y, Z)
1

= (2zy2%i + 2223 + 32%y2%k) - —5(2j +k)

1
= — (22723 4 32%y2?)

V5

11. Let ¢(z,y, 2) = 2% +y? + 2% so the level surface is given by p(z,y, z) = 4.
The gradient provides a normal vector

N(z,y,z) = Vo(z,y, z) = 2zi + 2yj + 2zk.

Then

N(1,1,v2) = 2i + 2j + 2v/2k
is normal to the surface at (1,1, v/2). The tangent plane at this point has
the equation

2x —1)+2(y — 1) +2V2(2 — V2) = 0,
or
r+y+ V2z = 4.
The normal line at (1,1, v/2) has parametric equations
r=y=1+42t2=2(1+2t)
for all real ¢.

2 —y? — 22. The normal vector at (1,1,0) is

N(1,1,0) = Vi(1,1,0) = 2i — 2j.

13. Let p(z,y,2) =z

The tangent plane at (1,1,0) has equation
20 -2y =0
or = y. The normal line at (1,1,0) has parametric equations
r=14+2t,y=1-2t,2=0.
15. A normal vector is given by

N = V(22 — cos = 2i.
V(2x — cos(zyz)) ) i

The tangent plane has equation x = 1 and the normal line at the point
has parametric equations

r=14+2t,y=mz=1.
17. Because Vp(z,y, z) = i+k, the normal to the surface p(z,y, z) = c is the
constant vector
N(z,y,2z) =i+ k.

The surface must therefore be the plane = + z = c.
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15.4 Divergence and Curl

1.
0 0 0

V-F= %(fc) + @(y) + a(%) =4,
i j k
VxF=|0/0x 0/0y 0/0z| =0i+0j+ 0k = O,
T Y 2z

V- (VxF)=0.

V-F =2y+uze¥ 42,
V x F = (e¥ — 2z)k,
0
. = —— y —_ =
V- (VxF) 5 (e¥ —2x) =0.
V - F = cosh(z) + zzsinh(zyz) — 1,
V x F = (=1 — zysinh(zyz))i — j + yz sinh(zy2)k,

V- (V x F) = (—y + y) sinh(zyz)
+ ((—zy?z + 29°2) cosh(zyz) = 0.

Vp=1i-j+4zk,
i j k
V x (Vyp)=10/0x 9/dy 0/9z| =0.
1 -1 4z

Vo = —62%y2%i — 22322 — 4ayzk,
V x (V) = (—42®z + 4232)i
+ (—122%yzi + 120%y2)j + (62°2° — 6222k = O.
11.
Vo = (cos(x +y+z) —zsin(z +y + 2))i

—zsin(z +y+ 2)j — zsin(z + y + 2)k,

V x (Vy) = (—zcos(z+y+ z) + zcos(z +y + 2))i
+(—sin(z+y+z2)—zcos(z+y+2z) +sin(z+y+z)+xcos(z+y+ 2))j
+ (—sin(x +y+ 2) —zcos(x +y + z) +sin(z + y + z) + xcos(z + y + 2))k
=0.
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13. Let F = fi+ gj + hk. Then

V- (¢F) =V - (ofi+ @gj+ ohk)
)

— (o) + 5 (00 + 5 (o)

= oo f +pyg + :h
+90(fx+gy+hz)
=Vp - F+p(V-F).

Next,
i j k
V x (¢F) = |0/0x 0/0y 0/0z
of  wg  eh
o o
S(eh) = o (¢
0 0
26 = gtem] 3

|
|

+ {a(sﬁg) - aay(wf] k
[ 9x7 " oy

X
@h_&p}i+|:&p —&ph]’+[&p 00 }k

dy 0z 0z Ox
oh 0Og]. of ohn], dg Of
velay ol it [ - aml [ g

=VoxF+¢(VxF).

15.5 Streamlines of a Vector Field

1. The streamlines satisfy
dy dz
Y z

Integrate dx = —(1/y?) dy to obtain

1
r=—-4c.
Y

Next integrate dx = (1/2) dz to get
x =In|z| + ca.

Using = as the parameter, we can write equations of the streamline for
this vector field:
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For the streamline through (2,1, 1), let = 2. Then

1= and 1 = e27°,

72—61

Thency = 1 and ¢o = 2, so this streamline has parametric equations

1 x—2
r=x,y= ,Z2=¢€
rz—1
3. We have
dy dz
rdr=— = —
er -1

Integrate xe” dr = dy to obtain
y=xe® —e® + .

Integrate x dxr = —dz to get

=224 Co.
Using = as parameter, streamlines are given by

y=xe’ —e" e,z = %(02 —2?).
For the streamline through (2,0, 4), we need
e?+c;=0and 4= %(02—4).

Then ¢; = —e? and ¢y = 12, so this streamline has parametric equations

1
r=1x,y=m1xe’ —e® —e? 2= 5(12—x2).

5. Streamlines satisfy
dy dz

2e* cos(y)

This is the separable equation
cos(y) dy = —2e* dz.

Integrate this to get
sin(y) = co — 2€”.

We also have 2 = ¢;. For the streamline through 3, 7/4,0), we need ¢; = 3
and co =2+ \/5/ 2. With y as parameter, this streamline is given by

2 1
r=3,y=y,z=1In ([—i—l—Qsin(y)).
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7. Circular streamlines about the origin in the z,y — —plane can be written
as x> +y2 = 7“27 SO
rdx +ydy = 0.
Then i i
== ——y, dz = 0.
Y x

A vector field having these streamlines is

1, 1,
F(z,y)=_i- S
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Chapter 16

Vector Integral Calculus

16.1 Line Integrals

1.OnC,z=t,y=tand z =t3, so

1
/xda:fderzdz:/ (t(1) — (1) + t3(3t%)) at
C 0

1
:/ (t—1+3t°)dt =0
0

3.
/C(IEJF?J)dS_/;(Qt\/mdt
= /022t\/mdt %(2+4t2)3/2 z - %
5.

3
/ F.dR — / (cos(t)i + 12§ + tk) - (i — 25 + 0k) dt
c 0
s 5 . 81
= [ (cos(t) — 2t°) dt = sin(3) — -
0
7. Parametrize C as x = 2cos(t),y = 2sin(t),z = 0 for 0 < ¢ < 27. Then
2
/ F-dR = (2cos(t)i+ 2sin(t)j) - (—2sin(t)i + 2 cos(t)j) dt
c 0

— /02”(_4 cos(t) sin(t) 4+ 4 cos(t) sin(t)) dt = 0.

223
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9
/—xyzdz:/ —2v/zdz
c 4

2 5/2‘9
5

422

i 5
11. Parametrize the line segment as

r=y=z=1+3tfor0 <t <1.

The work done is

/ F.-dR = /1((1+3t)2 —2(1+3t) +1+3t)(3)dt
C 0

T 4362 (14363 27
_{ 2 3 ]0 2

13. Take F(z) = f(x)i and R(¢) = tj for a <t < b. The graph of the curve is
defined by this position vector is the interval [a, b], and

/CF-dR:/abf(x)dm

16.2 Green’s Theorem

1. The work done by F is

7]
work = %:cydermdy // {&U x) — ({)y(xy)] dA
6x 8—2x
// (1—-2a) dyd:EJr// (1 —z)dydz

:/ 6x(1—x)dx—|—/ (8= 20)(1 — ) dz — —8

0 1

work = ]{ (— cosh(4a?) + ay) dz + (e7Y + x) dy
c

// [5336 y+x)—£( cosh(4z?) + zy)| dA

:// (1—)dA = // (1—2)dydz

:/1 6(1— o) do = —12
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f FdR
- =g o
// —2y)dA = / /(j:j:)ﬁ —2y dx dy

/(3y—18) dy = —40
1 5

ﬁF-dR://D a%(sﬂcy?)dA://DsywA.

To evaluate this integral, change to polar coordinates x = rcos(f), y
rsin(6), with 0 < 6 <27 and 0 < r < 4. We get

2m
// 8y% dA = / / 8r2 sin?(0)r dr df
:/ sin? d9/ 83 dr = 5127.
0

frar— [] | ersing) - 5 costy)] aa
// % sin(y) + ¢ sin(y)) dA = 0

n ﬁ 2 _ _cos(y)y _ 2
chdR—// [8x(xy e ) By (zy)| dA
5— 51/3
// (y* —z)dA = // (y* — ) dy dx
31 5x 5r
13. By Green’s theorem,
0 0 ou
g [[2(5)-5())
jéc Ay 9y \ Oy
u  0%u
I, 5 + 5] o

11.

=&
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15. If C does not enclose the origin, then Green’s theorem applies and

]{F.dR
C
_ of(f . ,N\N_9(_~y 5
_//D{8w<x2+y2 2y) 3y<x2+y2+m>}dA
:// 0dA = 0.

D

If C does enclose the origin, let K be a circle about the origin of sufficiently
small radius r that K is in the region enclosed by C. Then, using the
extended Green’s theorem and polar coordinates, we have

y{F'dR:% F.dR
c K

_ /0 u K‘”:f(e) 412 0082(9)> (—rsin(@))] a0
+ /0 2” K”%(a) —2rsin(9)> (rcos(@))] d

r2

= /0 7T(1 — 1% cos?(f) sin(h) — 2r? sin() cos(0)) dO

3
=0+ % cos?(0) — r2sin?(6)

21
= 27.

0

17. By a calculation like those of Problems 15 and 16, obtain

j{F~dR=0
c

if C does not enclose the origin, and

fF~dR:j{ F.-dR=0
c K

if C does enclose the origin, and K is a circle about the origin entirely in
the region enclosed by C.

16.3 Independence of Path and Potential The-
ory

1. First observe that 9 9
3 2
il - 2 _4
3y (v") = 5, Bey” —4)

on the entire plane, so this vector function is conservative. To find a
potential function, we can begin with

&P_ 3
%—y
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and integrate with respect to x to get

o(z,y) = 2y + k(y).

Then we must have

g—z =3ay® + K (y) = 32y® — 4

to conclude that &'(y) = —4, so we can choose k(y) = —4y. Then
p(z,y) =2y’ — 4y
is a potential function for F.

3. F is conservative over the entire plane because

0 0 2y
%(1613)*%(2*9 )=0

for all (z,y). To find a potential function, we can begin with

¢ _
or

and integrate with respect to y to get

16x

o(,y) = 82" + k(y).

Then

P
2 — K (y) 2

g _ —9_
Jy Y

so k(y) = 2y — y3/3 and
1
plz,y) = 82° +2y — =y

is a potential function.

5. First, if (z,y) # (0,0), then

9 2x B ey 0 2y
oy \z2+y?) (224922 oy \a2+y?)’
Then F is conservative on the plane with the origin removed. For a po-

tential function, we can begin with

9 _ 2o
Or 22412

and integrate with respect to x to get

o(x,y) = In(z® + y*) + k(y).
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Then we need

I 2y 2y /
— = = k .
8y .132 _|_ y2 .132 + y2 + (y)

We can choose k(y) = 0 to obtain the potential function

o(z,y) = In(z® + ¢*).

7. By inspection,
L¢0(x7y7z) =T - 2y+2

is a potential function for F, for all (x,y, 2).

9. We find that V x F # O, so this vector field is not conservative.

In Problems 11-20 we provide a potential function to use in evaluating the
line integral, but do not include the details of finding this potential function.

11. By integrating, we find a potential function

p(z,y) = 2°(y° — 4y).
Then
/ F-dR =¢(2,3) —p(1,1) = —24 -3 = —27.
c
13. In any region not containing points of the y— axis, we can use the potential
function
p(z,y) = ay —In|yl.

If C' does not cross the z— axis, then

‘/Fdszﬁm—wﬂa
C

=8-1In(2) —3+1n(3) =5+ 1In(3/2).

15. p(x,y) = 23y — 62y, so
lAFdR:ﬂLn—wamz—a
17. p(x,y,2) =z — 3y32, so
/CF “dR = (0,3,5) — p(1,1,1) = —403.
19. ¢(z,y,z) = 2z3eY*, so

/ F-dR = ¢(2,1,—1) — ¢(0,0,0) = 22
C
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21. Let C be a smooth path of motion having position vector R(t) = x(¢)i +
y(t)j + z(t)k. Let L(t) be the sum of the potential and kinetic energies.
Then

L) = 5 | R'() | —((at), y(t), (1))
= TR -R/() — p(a(®), y(t), 2(1)).
Then

(1) = TR @) RI(0) ~ 92 1) ~ P2/ 1) — OF

= (mR"(t) - R'(t) — Vo - R'(t)
= (mR"(t) - Vo) - R'(t).

Now, Ve is the force acting on the particle, so by Newton’s second law,
mR" = V.

Therefore L'(t) = 0.

16.4 Surface Integrals

1. On the surface, z =10 — z — 4y, so

do = \/1+ (02/02)% + (92/0y)? dA = 3v/2 dA.

Then

// de:// 3v2z dA

b D
5/2 10—4y 5/2
0 0 0

2
5 5/
- £(10 - 4y)3‘0

2
< = 125V/2.

3. On %,
do =/ 1+ 42?2 + 442 dA,

and D is the annulus 2 < 2% 4+ y? < 7. Then, using polar coordinates,

27 \ﬁ
// dU:/ / v/ 1+ 4r2r dr do
by 0 V2
1 \/?
= 27T |:(1 + 4T2)3/2:|

™
= —(29%/2 _27).
12 6(9 7

V2
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5. On the surface, 22 = 22 4 y2, so

0 0]
22—2 = 2x and 22—2 = 2y.

ox Jy
Then
2 _ v a2 Y
Jor =z & oy =z
Then
_ NP (YN
da—\/1+(z) +(;) dA = V2dA.
Then

//sza: //D V2y/22 + 2 dA

/2 pd 28
=\/§/ /rzdrdez—ﬂ- 2.
0o J2 3

7. On the surface, do = v/1 + 422 dA, so
/ydaz// yv1+422dA
b D
2 /3 9 (2
:/ / y\/1+4x2dydx:§/ V1+4z2dx
0o Jo 0
9
:gln(4+\/ﬁ+4\/ﬁ).
9. On 3, do = v/3dA and z =z — y, so

//EZdU://D V3(z —y)dA

:\/g/ol/OS(z—y)dydx:—loﬁ.

16.5 Applications of Surface Integrals

1. The triangular shell is on the plane 6x + 2y + 3z = 6, which is the plane
through the three given points. The projection of 3 onto the x, y—plane
is the set D of points (z,y) such that 0 <y <3 —2z. On X,

2
=2—-y—2z.
z 3y T

4
dazwll+§+4dA

Then
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m:// (w2 +1)do
) )
LGl S e

The first coordinate of the center of mass is

and

T=— 1
T= 19 a:(xz—i— )do

oo B) )
AL b))

1
24 5 12 , 12 12
= R — — di
/O<7x+7:c+7)x35

The second coordinate is

7:%;//211/@2—1—1)(10
4 1 3—-3z 2
= - 2—-y—2 1] dyd
JV NG G ORI
24

! 18 » 365 12, 18
= e i M i d
/0< 733 7x+7x 733 7) T

3
- 35
And, without all the details, the third coordinate is

// +1)d 24
xz .
35

3. On the surface,

do = \/1+ (z/2)2 + (y/2)2 dA = V2dA.

27 3
mass :// KdJ:K\@// / / rdrdf = 9rKV?2.
) D Jo 0

By symmetry, T =% = 0, and

1
22—// zdo
m =

2K [* 3 18V2K
:\[/ /rzdrdQZMZQ
m 0 0 m

N

Then
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The center of mass is (0,0, 2).

5. By symmetry of the surface and the density function, T =y = 0. Further,

o =+/1+ 422 + 4y2 dA.

Then
m = [/ V14422 + 42 do
b
= // (1 — 422 + 49*)dA
2m
/ / (14 4r%)r dr df
= 2m(39) = 78.
Finally,

*:i// 20(z,y, z)do
mJJs

1
:7// (6 — 2 — y*)(1 + 4a? + 4y?) dA
m.JJ b

1 2w V6
= — / / (6 —72)(1 + 4r%)r drdo
mJo 0

162w 27

m 13
7. A unit normal to the plane x + 2y + z = 8 is

n=—(@i+2j+k).

5l

Then

F-n= (x4 2y — 2).

E\H

On X, z=8—x— 2y, so
F-n=2zr+4y -8

Further, do = /T + 4+ 1dA = v/6dA, so the flux of F across the surface
is

A 128
// F-ndoz// (2x+4y—8)dA:/ / (2x+4y—8)dxdy = —.
s D o Jo 3
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16.6 Gauss’s Divergence Theorem

1. V.-F =1, so

//EF-ndo:/é V.-FdV

= volume of V = é7r43 = &
3 3
3. V-F=0,so0
[f]5ra-o
M
5. With V - F = 4, compute
// V - FdV = 4(volume of )V = 8%
M

7. V-F =2(z+y+ 2), so, using cylindrical coordinates, we have

///V'de2/0%/0&1&(7”008(9)+rsin(0)+z)rdzdrd9.
M

Do these integrations in turn. First,
V2 1
/ (r?(cos(0) +sin()) +7z) dz = 1% (cos(8) +sin(8)) (V2 —r) + 57‘(2 —7?).
Next,
\/5
/0 |:T2(COS(9) +sin(0))(V2 —r) + %r(? - 7“2)] dr = %(cos(@)—i—sin(ﬂ))—&—%7

and finally,
21 1 ) 1
/ ((cos(@) +sin(6)) + ) df = .
o \3 2

// V- -FdV = 2r.
M

9. With the given conditions on F, 3 and M, we have

//E(VxF)~nda:/4/V-(V><F)dV:O

because V- (V x F) = 0.

Therefore
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234 CHAPTER 16. VECTOR INTEGRAL CALCULUS

10. Apply the divergence theorem to get

r v fffe o
M
:;/é/?wﬂ/: volume of M.

16.7 Stokes’s Theorem

1. The surface is a function of § and ¢, and (6, ¢) varies over its parameter
domain 0 < 6 < 27, 0 < ¢ < 7. This is a rectangle in the 6, p— plane,
with lower side Lq, upper right side Ly, top L3 and left side Ly. For
orientation, imagine (6, ¢) moves around this rectangle counterclockwise,
starting along L, from the origin. We want to know what each side maps
to on the surface.

On Ly, the point (6,0) moves from (0,0) to (2, 0) as 6 increases from 0
to 2m. The image point

3(0,0) = (Rcos(#), Rsin(6),0)

moves from (R,0,0) along the circle 22 + y? = R? in the plane z = 0, all
the way around to end at (R,0,0).

Then the point (27, ¢) moves up along Lo as ¢ increases from 0 to .
Tmage points of points (27, ¢) on Lo are

Y27, p) = (Rcos(p),0, Rsin(p))

which is a half-circle 22 + 22 = R? in the y = 0 plane, starting at (R, 0,0)
and ending at (—R,0,0).

From (27, 7), (6, ) now moves left along Ls. The points are (8, 7), but
0 varies from 27 to 0 to maintain counterclockwise orientation on the
rectangle. The image points of L3 are

¥(0,7) = (—Rcos(#), —Rsin(6),0)

asf varies from2m to 0. The image of L3 on the surface consists of the
points
¥(0,m) = (—Rcos(f), —Rsin(h), 0),

and this point moves along the half-circle
22 +4? = R?
from (—R,0,0) to (—R,0,0) in the z = 0 plane.

Finally, on Ly, 8 = 0 and ¢ varies from 7 to 0. Image points are

%(0,¢) = (Rcos(p), 0, Rsin(p))
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from (—R,0,0) to (R,0,0).

Now trace out the image point on the surface as (6, ) moves over all
four sides of the rectangle. This curve on the graph of the surface is the
boundary of 3.

In Problems 3-8, one side of Stokes’s theorem is computed in detail, with the
choice being determined by which side appears to be the easiest computation.

3. The boundary curve C of the surface is the top of the parabolic bowl.
This is the circle of radius 3 about (0,0,9). Parametrize C' by

x =3cos(t),y =3sin(t),z =9 for 0 <t < 2.

On C,
F(t) = 9cos(t) sin(t)i + 27 sin(t)j + 27 cos(t)k.
Further,
dR = (—3sin(t)i + 3 cos(t)j) dt.
Then

F - dR = (—27 cos(t) sin?(t) + 81 cos(t) sin(t)) dt.

A routine integration gives
2m
% F.-dR = / (—27 cos(r) sin®(t) + 81 cos(t) sin(t)) dt = 0.
c 0

Evaluation of [,(V x F)do involves considerably more labor.

5. The boundary curve of ¥ is the circle 22 + y? = 6 in the x,y— plane.
Parametrize C by

x =V6cos(t),y = V6sin(t), z = 0 for 0 < t < 27.

Then or

}l{ F.-dR = / 6 cos?(t)6sin?(t) dt = 0.

c 0
7. The circulation is 3% F - dR. Take ¥ to be the disk
0<z?+y°<1

with boundary C parametrized by

x = cos(t),y = sin(t),z =0 for 0 <t < 2.
The proper unit normal to ¥ (a disk in the z, y— plane) is n = k. Now,

V x F = —azj+ (2zy + 1)k.
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Then
(VXF) -n=2zy+1.
Further, do = dA, so

iF-dR://Z(VxF)-nda

= //D(m, +1)dA = /OQF /01(2r3 cos(0) sin(0) + r) dr df = .
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Chapter 17

Fourier Series

17.1 Fourier Series on [—L, L]

1. The Fourier coefficients are

1 3
= - 4dxr =8
aop 3/_3 X y

Q

3

Il

W =
H

4 cos(nm&/3)dE =0,
3

and
1 3
by = = 4sin(nm€/3)d¢ = 0.
3.J-s
The Fourier series of 4 on [—3, 3] is just
1
20

or 4, as we might expect. This converges to 4 on [—3, 3].
3. Because cosh(wz) is an even function on [—1, 1], each b, = 0. Compute
! 2
ap = / cosh(w§) d§ = — sinh()
1 m

and, forn=1,2,---,

e ] _ 2sinh(7) (—1)"
Q= /71 cosh (7€) cos(nmé) d = Y il

The Fourier series is

1, . 2sinh(7) (—1)"
- sinh(7) + Z Y il cos(nmx).

n=1

This converges to cosh(mz) for —1 <z < 1.

237
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238 CHAPTER 17. FOURIER SERIES

For Problems 4-10, we give just the Fourier series and analyze its conver-
gence.

5. The series of f(x) on [—m, 7] is

16 1
— Z " sin((2n — 1)x),

n=1

converging to
—4 for —w < x <0,
4 for0<z<m,
0 for x = 7 and for x = —.

7. The Fourier series of f(x) on [—2,2] is

oo

13 16
§+;(71) {(mr)2

This converges to

4
2 — i ).
cos(nmx/2) + — sin(nmz/2)

7 for x = 2 and for x = —2.

{f(m) for -2 <2 <2,

Convergence at the endpoints is determined by
1 1
SU(=20) +7(2-) = 5(0+5) =7

9. The Fourier expansion of f(x) on [—m, 7] is

| w

2 1
+ = > 5 sin((2n — 1)z)

n=1

converging to

1 for —m < x <0,
2 for0<z<m,
3/2 atx=0,x=mandat x = —m.

11. The Fourier series is
1)n+1

1 — (-
3 sin(3) 4 6sin(3) 7;1 m cos(nmwz/3),

converging to cos(z) on [—3, 3].
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13. The Fourier series converges to

3/2 for x = £3,
2z for -3 <z < -2,

-2 forx = -2,
0 for -2 <x <1,
1/2 forz =1,

x?2 forl<ax<3.

15.
(2+7%)/2 for x = +m,
x? for —m < x <0,
1 for x =0,
2 forO<z<m
17.
—1 for -4 <x<0,
0 for x = £4 and for z = 0,
1 for0<xz <4
19.

—4  for x = £4,

3/2  forx=-2,

5/2  forx =2,

f(z) for all other x in [—4, 4]

17.2 Sine and Cosine Series

1. The cosine series is just 4, a single term. The sine series is

16 o= 1
T 127171

n=

sin((2n — 1)7x/3),

converging to 0 for x =0 or x = 3 and to 4 for 0 < z < 3.
3. The cosine series is

1 = 2nsin(nm/2)
3 cos(z) + Z 1) cos(nxz/2)
n=1,n#2

converging to
0 for0<z <,
—-1/2  for z =m,
cos(xz) for m < x < 2m,

1 for x = 2.
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The sine series is

o0

2 2
—3- sin(x/2) — ,;3 (1127?41)((_1)” + cos(nw/2)) sin(nz/2),
converging to
0 for0 <z <m,

—-1/2  for z =m,
cos(z) for m <z < 2m,

0 for x = 2.

5. The cosine series is

4 16 (-1)"

3 72 n?

cos(nmx/2),

converging to 22 for 0 < 2 < 2. The sine expansion is

n3m2

_S Z {(_;)n T 20— (=1)") sin(nwa/2),

converging to 22 for 0 < x < 2 and to 0 at . = 2.

7. The cosine expansion is
I 1 n .
5—}—; a3 [—6(1+ (=1)™) + 12 cos(2nm/3) + 4nw sin(2nw/3)] cos(nmz/3),

converging to
T for 0 <z < 2,
1 for x = 2,
2—xz for2<z<3.

The sine series is

— 1
Z 5 [12sin(2n7/3) — 4nw cos(2nm/3) + 12nw(—1)"] sin(nmz/3),
n=1

converging to

x for 0 <z <2,
1 for z =1,
2—zx for2<ax<3,
0 for z = 3.
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9. The cosine expansion is

6 w2
n=1

5 16 <=1
2 3

3 cos(nmw/4) — % sin(nw/él)} cos(nmx/4),

converging to z2 for 0 <z < 1 and to 1 for 1 < = < 4.

The sine series is

> [

5 sin(nm/4) + (cos(nmw/4) —1) —

13 nﬂ} sin(nmz/4),
nim

2
- (=nr

converging to 2 for 0 <z < 1,to 1 if 1 <2 < 4, and to 0 at = = 4.

11. The Fourier cosine expansion of sin(z) on [0, 7] is

777242 cos(2nx).

This converges to sin(x) for 0 < x < 7. Put z = 7/2 into this series to
obtain

cos(7r/2):()—fffz:4 5 7 Cos (nm).

Upon putting cos(nm) = (—1)" we obtain

DS TP
n:14n2—1_4 T T2 4

13. Use an argument similar to that made for Problem 12, except now the
Fourier coefficients of G (z) satisfy

- /L Ge(z) cos(nmz/L) da
7/ )cos(nmx /L) dx

and

L
= % [L Ge(z)sin(nrz/L) dx =

because G (x) cos(nmx/L) is even and G, (z) sin(nwz/L) is odd, and Ge(z) =
g(x) for 0 <z < L.
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17.3 Integration and Differentiation of Fourier
Series
1. The Fourier expansion of f(z) on [—m, ] is

N )]

Because f is continuous and piecewise smooth on [—, 7], this series con-
verges to f(x) for —m <z < 7.

f(x) satisfies the conditions of the theorem on term by term integration,
so this series can be integrated term by term to obtain

WG

+ Z <n317r((_1)n — 1) sin(nx) + (_12)” cos(nx) — 1) .

n=1

3. The Fourier expansion of f(x) on [—m, 7] is

1-— 1cos(yc) -2 i (-L" cos(nx)
2 n?—1 ’
n=2
converging to zsin(z) for —r < & < 7. The function is continuous on
[-7, 7], and f'(x) is piecewise continuous. Further, f(—=m) = f(7) and
f"(z) exists on (—m, 7). We can differentiate the Fourier series term by
term to obtain, for —7m < x < T,

f'(x) = sin(z) + z cos(x)

1 — n(—1)"
=5 cos(z) + 2 2;2 2(2 _)1 cos(nx).

5. Let the Fourier coefficients of f on [—-L, L]be a,, and b,,, as usual. Let the
Fourier coefficients of f'(x) be A,, B,. Notice that

L
A=7 [ F©ds= 10 - 1w =0
).

because f(L) = f(—L
Now we will develop some inequalities aimed at showing uniform conver-
gence of the Fourier series of f(x) on [—L, L].

Begin with an integration by parts:
1 L
A= [ £©costume/L) de
-L

1 nl [* .
= 7 ) costuma/ L)%, + 27 [ p(€)sin(nme /1) de.
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Now,
f(L)cos(nm) — f(—L)cos(—nm) =0
for integer n, again because f(L) = f(1). Then

1 (L
A, = %Z /_L f(&) cos(nw&/L)d¢ = nL—Wan
forn=1,2,---. A similar integration by parts gives us
nm
BTL = 7701”.
Observe that
2
1 2 1
o< (1= 1) =42 -2+
n n n

and, similarly,

1

2
0< B: — =|Bn| + —.
n n

Add these two inequalities to get
2 2
~(|An] +|Bal) < A7 + By + .
n n

Multiply this by 1/2 to obtain

1 1, 5 o, 1

ﬁ(lA"| +[Bnl) < §(An +B,) + 3
On the left, insert

A, = "l g, | = Pl
L

to obtain I I1

lan| + [bn| < ﬂ(Ai +B2) + e
Now,

o0 o0

Z A2 and Z B?

n=1 n+1
both converge, by Bessel’s inequality. Therefore, by the comparison test
for nonnegative series, we conclude that

o

> (lan| + [ba])

n=1
converges. Finally, observe that, on [—L, L],
|ay, cos(nmz/L)| + by sin(nmx/L)| < |ayn| + |bn]-
By what is often known as the Weierstrass M- test (in this case with
M,, = |an| + |by|

the Fourier series of f(z) on [—L, L] converges uniformly on this interval.
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17.4 Properties of Fourier Coefficients

1. The argument is like that for sine series, but is notationally a little messier
because of the additional constant term in the cosine expansion. Let

N
1
Sy = A0+ ; A, cos(nmz/L).

Now
L 2
0< / (9(z) — S (@))? de

L
~ [ (ot)? as - 2g()s(e) + $3a) o
L ) L 1 N
:/0 (9(x)) dz—Q/O g(z) <2A0+7;An COS(mrx/L)) dx

L (4 N 1 N
+/0 <2A0 + ZA" cos(mrx/2)> <2Ao + ZAn COS(WW/L)> dx

n=1 n=1

:/L(g(;c))gdm—/oL Aog(x) dz

0

N L
-2 Z /0 g(x) A, cos(nmz/L) dx

Ll N N N
+ /0 <4A0 + Z Z A, Ay, cos(nma /L) cos(mma /L) + Z AoAp COS("”“/’/D) dx

n=1m=1 n=1

L I N
:/0 (g(z))zdz—EAg—Lz:lAi
N
L L
Za2 =yt
+ 0+;2 2

L N
L L
= 222 2N A2
/0 (9(2))" = 740~ 3 ;:1 n

Here we have used the fact that
L
/ cos(nrx/L)dx =0
0

and that

L/2 ifn=m,

/OL cos(nma /L) cos(mma/L) dr = {0 if n #m,
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Upon rearranging terms in the first and last lines (which are connected by
an inequality), we have

1 o 2 [F
19 2 - 2 2 g
545+ > 43 < 7 [ (o) de

n=1
Problems 3 and 4 are obtained by adapting the argument of the text to the

notation cosine expansions on [0, L] and Fourier series on [—L, L], similar to the
solution of Problem 1.

17.5 Phase Angle Form

1.
(af +Bg)(z +p) = af(z +p)+ Bg(x +p)
=af(z) + Bg(z) = (af + Bg)(x).
3.
flx+p+h)— f(z+p)

f'(z +p) = lim

—0

h—0 h

5. The Fourier series is

DN | =

2= 1
+= n; 5 sin((2n — D),

with phase angle form

™

2 1
1+;22n_1cos((2n—1)7rm—5).

n=

Points of the amplitude spectrum are

(0,1), (nm,1/((2n — 1)m)) for n =1,2,--- .

7. The Fourier series is

19 & 2 y
3 + Z —220n cos(nmz/2) + By sin(nrz/2),
n=1

where
ay, = nrsin(3nm/2) + cos(3nm/2)
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and
Br, = sin(3nmw/2) — % — nmcos(3nm/2).

The phase angle form is

B—FLid cos(imm—kd)
S 7T2 n 9 N |

where

dp = \/8 + 5n2n2 — 12nmsin(3n7/2) + 4(n272 — 2) cos(3n7/2)

and

5, = arctan <n7r/2 + nmcos(3nw/2) — sm(3n7r/2)>

nmsin(3nm/2) + cos(3nmw/2) — 1

9. We can write

r—2 forl<ax<?2

f(x):{x for0<z <1,

and f(x + 2)f(z), so f has period 2. The Fourier series is

n+1

2 o0
— E ———sin(nnx).
7r
n=1
The phase angle form is
2 — s
i (mm—&—( ) 2

3\'—‘

11. We can write
1 for0<z<l,

fle)=4¢2 forl<z<3,
1 for3<z<4

with f(x +4) = f(x). The Fourier series is

3 = (=1
5—1—22” cos((2n — 1)mwx/2).

n=1

The phase angle form is

7-|- Zcos( (2n—1) 74—2(1—(_1)”))'
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17.6 Complex Fourier Series

1. Compute
1 3
do == / 2tdt =3
3Jo
and .
1 ; 3
d, = f/ 223 g = 24
3 0 nm
The complex Fourier series of f(z) is
% 00 1/n 2nmiz/3
34+ 2 it
D
n=—o00,n#0

converging to

3 forz=0o0rx=23,
2z for 0 < x < 3.

Points of the frequency spectrum are

2nm 3
(073)3 <37 n7T> ’

in which n is a nonzero integer.

3. The complex Fourier series of the function is

o0

% - % Z %(sin(nﬂ'/2) + (cos(nm/2) — 1)i)e" /2,

n=—o00,n#0

converging to
1/2 for z=0,1 or 4,
0 for0 <z <1,
1 for 1 <z < 4.

Points of the frequency spectrum are

nm

1
4 . /sin? —1)2 .
(0,3/4), ( o 5\ sint(nm/2) + (cos(nm/2) — 1) )
5. The complex Fourier series is

1 3 )
- i (n—1)miz/2
2 * m Z ¢ ’

n=—oo,n#0

converging to
1/2 forz=0,2,4,
-1 for0<z<?2,
2 for 2 <z < 4.
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Points of the frequency spectrum are

7. The complex Fourier series is

1 2 = 1 ,
-~ - (@2n-1)mix
2 72 Z (2n —1)2 N ’

n=—o00,n#0

converging to f(x) for 0 < z < 2. Points of the frequency spectrum are

(0,1/2), (mr, ;M) .

17.7 Filtering of Signals

1. The complex Fourier coefficients of f are dy = 0 and, for n # 0,
1 0 it/2 2 it/2 i
dnp = — —e VTS dt TS dt = —((-1D)"=1).
L b [emmal = ey -y
The complex Fourier series is
Z L((_l)n _ 1)€nm't/2.

nm
n=—o00,n#0

After some routine calculation using Euler’s formula, we obtain the series

%Z ! sin((2n — 1)t /2).

— 2n —1

The Nth partial sum is

A 1
Sn(t) = — > 5 Sin((2n = 1)mt/2).

The Nth Cesdro sum is formed by inserting factors 1 — |n|/N:

N
on(t) = %Z (1 _ - 1> L - sin((2n — 1)rt/2).

= N 2n —
3. We obtain
Sn(t) = i\’: i(cos(mr/?) — (=1)") sin(nmxt)
= nm
and

N ny\ 2
on(t) =3 (1 - 7) —(cos(nm/2) = (~1)")sin(nrt).
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5. We find that

N
) 5—6(—1)"
cos(mrt) + 5= 6(=1)"

{ n27r2 v sin(mrt)}

n=1

and

nemw nm

N
1—(=1)" —6(=1)"
- + ngl (1 - %) {52) cos(nmt) + 5= 6(=1)1" sin(mrt)}
7. The partial sums are

= Z ni )" sin(nwt/2),

_ ZN: nl (1 - 7) (1 - 3(=1)") sin(nrt/2),

Hy(t) =1+ 5(0.54 +0.46 cos(nm/N))(1 — 3(—1)") sin(nrt/2),

N
2
=1+ Ee—"W/Nza — 3(=1)") sin(nmt/2).
n=1
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Chapter 18

Fourier Transforms

18.1 The Fourier Transform

1. - o - .
flw) = / e " dx +/ e " dr = ;(cos(w) —1).
0

-1
The amplitude spectrum is the graph of

Fe)l = | 2 eostw) - 1)

3. Write
flx)=5[H@x+4-7)—H(x+4+47)]
to obtain

flw) = 5e~Tw (2sm(4w)> = 96_”“) sin(4w).

w w

The amplitude spectrum is a graph of

Fle)l = | = sinw)|

f(w)z/ et/ teT T (g
k

e—(iwt+l/Nz oo 4o~ (iw+1/4)k

- —(iw+1/4)

14+ 4diw

The amplitude spectrum is a graph of
4e—k/4

|f(w)| = 7m~

251
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252 CHAPTER 18. FOURIER TRANSFORMS

f(w) =me 1l

The amplitude spectrum is a graph of this function, which is nonnegative
and hence equals its own magnitude.

9. 04
TN A 24w
flw) = 16 4+ w? ¢
The amplitude spectrum is a graph of
~ 24
=155
11.
2 .
flz)= 18\/764m68$2
7r
13. Write
. p2(w—3)i
)= 5=
to obtain
2iw
_ Bizp-1|_¢
flo) =] [5+iw]
— eSimH(x + 2)675(I+2) — H(.’L‘ + 2)67(10+(573i)z)'
15. Write
f( )= 144w 2 2
T B2 +iw) 3tiw  2+iw
Then
fla) = (2e7° — 72" H ().
17.
! ! = H(z)e ™™« H(x)e™™
(1+ iw)?
= [ H(©e *H(x—&e "9 de
= (x)ef‘r/ d¢ = H(x)xe ™.
0
19. Compute

[P = o [ i a - o [ 1fe)R .

— 0 —o00
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21. Begin with

Use the symmetry property of the transform to get

£ mem)} (w) = 7[H(~w +3) — H(~w — 3)]

=n[H(w+3)— Hw - 3)].

Now use Parseval’s identity to write

) . 2 3
/ (sm(3x)> dr = S / 7% dw = 3m.
— 00 X 2 _3

5
fWin(w):/ x2e T dy

-5

23.

2
= —3(25(,02 sin(5w) + 10w cos(5w) — 2sin(bw)).
w

Because w(x) = 1 and the support of ¢ is [—5, 5], then t¢ = 0. For the
RMS bandwidth of the window function, we have

1/2
— > _ .
\/‘75 dx \/g
25. Compute
1
Jwin (W) = /o o~ Te—iWT Jp n iw(l A1)
1
= m(l — 6_4(cOS(4w) —isin(4w))(1 — iw)
_ 1 —e " cos(4w) + e~ *sin(dw)
a 14 w?
iy e 4sin(4w) + (e7* cos(4w) — 1w
' 14 w? '
We also have \
; fo rdx
c= =
f; dz
and »
2 Jo (x —2)? da 4
w = Jo» 7 -
A i do 75
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27.

2
fwin(w) = / (x+ 2)26_“”” dx

-2
4
= E((4w2 — 1) sin(2w) + 2w cos(2w))
+ 8—;(2(» cos(2w) — sin(2w)).
w
With w(z) =1 and support [—2, 2], we have tc = 0. Finally,

f_22 z? dz 1z 4
WRMS = 2 P =
-2

18.2 Fourier Sine and Cosine Transforms

In these problems the integrations are straightforward and details are omitted.

1.
:/OOo "sin(wa) de = 1
3.
oty = § [ B0 o] gy
fe) = fo(-1)= 5 + 5 sin(2K)
o) = 2 _% {cos((:}u:—ll)K) cos((:}J—ll)K)} for w0 £ 41
Fs(1) = 0 — cos(2), Fs(—1) = (1 = cos(2K)
D.

1 1 1
fc(w)zz[1+(w+1)2+1+(w—1)2]’

1{ w41 n w-—1 ]

2 1+ (w+1)2 14 (w—1)2
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7. Suppose, for each positive number L, f (4)(30) is piecewise continuous on
[0,L], f®)(z) is continuous, and, as x — oo, fW)(z) — 0 for j = 1,2,3.
Then we can integrate by parts four times to obtain

Fs[fD (@)](w) = / " 19(2) sin(we) dx

= [f(‘?‘)(a:) sin(wz) — wf’ (z) cos(wz) — W f/(z) sin(wz) + w? f(x) cos(w) .

+w /0 f(x)sin(wz) dz
= wiFs(w) — w3 £(0) +wf”(0).
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Chapter 19

Complex Numbers and
Functions

19.1 Geometry and Arithmetic of Complex Num-

bers
1.
(3—4i)(6+2i) = (18 +8) + (—24 4+ 6)i = 26 — 18:
3. ‘ . . .
241 _ 2+1 4—|—72_1—|—18z
4—Ti 4-Tid+Ti 65
5.
(17 — 6i)(—3 — 12i) = (17 — 64)(—3 + 12i) = 4 + 228i
7.
P2 — 4P +2=—i+44+2=6—1
9.

(F5) - (G
(—22 —46i)2 1

- - 1632 + 2024
652 1205 (1632 + 20240)

In each of Problems 11-16, n denotes an arbitrary integer.

11.
|3i] = 3,arg(3i) = g +2nm

13.
| — 34 2i| = V13, arg(—3 + 2i) = — arctan(2/3) + (2n + 1)«

257
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258 CHAPTER 19. COMPLEX NUMBERS AND FUNCTIONS

15.
| —4| =4,arg(—4) = 2n+ 1)7
17. Because | — 2 4 2i| = 2v/2 and 37/34 is an argument, the polar form of
—2+4+2iis ‘
—2 4 2i = 2V/2e3/4,
Here we did not add the customary 2nm to the argument because, first,

we need only one argument to write the polar form, and second, e?”™ = 1
for any integer n.

19. |5 — 2i| = v/29 and an argument of 5 — 27 is — arctan(2/5), so
5_ 9 — \/@6_ arctan(2/5)i-

21.
8 44 = \/%earctan(l/S)i.

2:

23. Because 1 —1, we have

i4n —_ (i2)2n _ ((_1)2)n —_ 17
Z'4’I’L+1 — l4n'L —
,L-4n+2 — Z4n -2 7;2 — _1

,L~4n+3 _ 4n -3 -2 .

25. Suppose first that z, w,u form vertices of a triangle, labeled in clockwise
order around the triangle. The sides of the triangle are vectors represented
by the complex numbers w—z, u—w, and z—wu. This triangle is equilateral
if and only if the sides have the same length, or

|lw—z| =|u—w| =]z —u
and each of the vector sides can be rotated by 6 = 27 /3 radians clockwise
to coincide with another side. This occurs exactly when

—27i/3 —27i/3

u—w=(w-—2z2)e and z —u = (u — w)e
Dividing these equations, we have

u—w w—z

Z—u  u—-w

Then
(u—w)(u—w)=(w—2)(z—u).
Then
u? = 2uw + w? = wz + 2u — vw — 2.
Then

22+w2+u2:zw+zu+wu.
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27. Suppose first that |z| = 1. Then

2l = Va2 + (—y)2 = Va2 +y2 =|z| =1

also. Then
z—w‘_’z—w
1—zwl lzz—zw
_ Jz—w| L
Z]|z — w]
If |lw| =1, then
z—w‘_‘ zZ—w ‘
1-zwl lww-zw
1 _
:j‘¥’:1
w1z —w
because
|z —w| =|w—2z|=|w-Z|.

29. M counsists of all x + iy with y < 7. This is the half-plane lying below the
horizontal line y = 7. The boundary points are all points  + 7¢ on the
“edge” of M. M is open because it does no contain any of its boundary
points (all points of M are interior points).

31. U consists of all points in the vertical strip between the vertical lines z = 1
and z = 3, including points on the line z = 3, but none of the points on
the line x = 1. The boundary points of U are the points 1 + iy and 3 + iy
on these lines. U is not closed because there are boundary points of U
that do not belong to U. U is not open because U contains some of its
boundary points (so not every point of U is an interior point).

33. W consists of all z-+iy with > y2. These are the points “enclosed” by the
parabola z = y2, which opens to the right from the origin. The boundary
points are the points on the parabola, which are the points z + i1/ for
x > 0. W does not contain any of its boundary points, and is open. W is
not closed.

19.2 Complex Functions

1.
fQy=z—i=z+iy—i=x+ (y—1)
so u(x,y) = x and v(z,y) = y — 1. The Cauchy-Riemann equations for

this function are
ou _Ov

R
ox oy
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and

Because u and v are continuous with continuous first partial derivatives,
and the Cauchy-Riemann equations are satisfied for all z, f(z) is differen-
tiable for all z.

3. f(z) =z +iy| = /2? + y?, so
u(z,y) = Va2 +y? and v(z,y) = 0.

If 2 # 0, then
u__z  Ou_ Yy
823 1/332+y2,(9y /Z'2+y2
and
o0 _ou _
or Oy

The Cauchy-Riemann equations are not satisfied at any nonzero z. To
check what happens at z = 0, compute

ou, o u(h0) - u(0,0)

This limit does not exist, because

h

|h f1  ifh>0,
) -1 ifh<O.

Similarly, (0u/dy)(0,0) does not exist. Therefore the Cauchy-Riemann
equations are not satisfied at any point, including the origin, and f(z) is
not differential for any z.

5. f(2) = i|z]? = (22 + y?)i, so

u(z,y) =0 and v(z,y) = 2° + y*.

Then
u_ou_
or Oy
and 5 5
v v
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The Cauchy-Riemann equations are satisfied only at z = 0, so f(z) is
certainly not differentiable at any nonzero z. To check at z = 0, fall back
on the definition of the derivative:

i|h|? ihh

2(h) - f(0) o I
Jiy = = fim = = lim e = Jimih = 0.

Therefore f'(0) = 0. 0 is the only point at which this function is differen-
tiable.

7. First,

for x # 0. This function is defined for all z except for points on the
imaginary axis. For x # 0, we can let

Y
U(l’,y) = 1,’1}(.13,;1/) = ;

Now
ou_ou _
or Oy
and
Ov y Ov 1

r T oy a
These are not satisfied at any z at which the function is defined. Therefore
f(2) is not differentiable at any point at which it is defined.

9. First,
f(z) = (5)2 = (z — iy)Q = 2% —y* — 2xyi,
so let
u(z,y) = 2° —y? and v(z,y) = —2zy.
Then 5 5
au_ 2x but @ -2z,
8$ 8y
while
o _ _,, 0
or YT Ay’

The Cauchy-Riemann equations hold only a z = 0, so this is the only
point at which f(z) might have a derivative. To check this, look at

hmwzhm@:hm (Z)h()

h—0 h h—0 h h—0

because h/h has magnitude 1 and h — 0 if h — 0.

Therefore f'(0) = 0, and 0 is the only point at which the function has a
derivative.
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11. For z # 0, write

1
f(z) Z+z x Zy+x+iy

T — 1y

= Axr —4yi + ——=
x yz+m2+y2

for (x,y) # (0,0). Let

T )
u(z,y) = —4x + o and v(z,y) = <—4y — M) .

Then
ou At y? — 2 ou  —2xy
or (x2 +942)2" 0y (22 +¢2)%’
and
ov 2y ov y? — x?
dr (22 +y*)? 9y (22 +y2)?

The Cauchy-Riemann equations are satisfied at each nonzero z. Because
u,v and the partial derivatives are continuous for (z,y) # (0,0), f(z) is
differentiable for all nonzero z.

13. Let z, = z,, + iy, and zop = xo + iyo. Write f(z) = u(z,y) + iv(z,y).
Because v and v are continuous at (zg,yo), then

f(zn) = w(@n, yn) + 0(2n, Yn) — u(wo, yo) +iv(zo0,y0) = f(20)-

19.3 The Exponential and Trigonometric Func-
tions

¢! = e’ = e%cos(1) +isin(1)) = cos(1) + isin(1)
3. Use the fact that
cos(x + 1y) = cos(x) cosh(y) — isin(z) sinh(y)

to get
cos(3 + 2i) = cos(3) cosh(2) — isin(3) sinh(2).

52 = 362 = €3 cos(2) + ie? sin(2).

sin?(1 4 14) = %(1 —cos(2(1 +1)))

= %[1 — co0s(2) cosh(2) + isin(2) sinh(2)].
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e™/? = cos(m/2) +isin(r/2) =i

11. Begin with
622 — emz—y2+2imy
=o'V [cos(2zy) + @ sin(2zy)].
Then
2 2 2 2 .
u(z,y) =€ 7Y cos(2xy) and v(z,y) = €” ~Y sin(2zy).

Now compute

% — Y [2z cos(2xy) — 2y sin(2zy)],

x

% — Y [—2y cos(2xy) — 2z sin(22y)],
Y

v 22 . ;

o =% 7Y [2zsin(2zy) + 2y sin(2zy)],
x

? — ey [—2y sin(2z) + 2z cos(2zy)].
Y

Then u and v satisfy the Cauchy-Riemann equations for all (z,y).

13.

f(2) = ze* = (x + iy)e”(cos(y) + isin(y))
= ze” cos(y) — ye” sin(y) + (ye” cos(y) + ze® sin(y))i = u(z,y) + iv(x, y).

Then 9 5
U z _ . - l
9= © [cos(y) + x cos(y) — ysin(y)] = ay
and 5 5
u T . o B _ 771)
oy © [~asin(y) —sin(y) —ycos(y)] = — -

The Cauchy-Riemann equations are satisfied for all z.
15. Suppose e = 2i. With z = z + iy, then
e” cos(y) + ie” sin(y) = 2i.

Then
€® cos(y) = 0 and €” sin(y) = 2.
Because e” # 0, cos(y) = 0, so

(2n+ 1)w
2
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in which n can be any integer. Now we have

. <2n—|—1>
e® sin > T =2.

Now e* > 0 for real z, so sin((2n + 1)7/2) > 0. But

. 2n+1 1 if n is even,
sin T =
2 —1 ifnis odd.

Therefore n must be even, say n = 2m. Now we have

dm + 1
2

.

Now we are left with e” = 2, so x = In(2). All the solutions of e = 2i are

4 1
In(2) + m2+ ™

with m any integer.
17. Use the polar form of the given equation. If z = re??, the equation is
eF =eet? = 2.
Because 6 is real, [e?| = 1, so
e*|=e"=|-2|=2.
Then r = In(2). Next, we must also have
e’ = —1 = cos(f) + isin(h).

Then sin(f) = 0, so # = nm, in which (so far) n can be any integer. But
cos(f) = —1 means that n must be odd, so

0=02m+ 17
in which m can be an y integer. Then
z=1n(2) + 2m + )7,

with m any integer, are all the solutions for z.

19.4 The Complex Logarithm

1. In polar form, ‘
z = —4i = 4¢*"/2

SO

log(—4i) = In(4) + (5 + 2n7) .
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3. =5 ="5e", so
log(—5) = In(5) + (2n + 1)mi.

5 —94 92 = \/%e(arctan(—2/9)+7r)i’ )

log(—9 + 2¢) = % In(85) + (— arctan(2/9) + (2n + 1)m)i.

7. Note that log(zw),log(z) and log(w) all have infinitely many different
values, so we cannot expect to write the complex logarithm of the product
as the sum of the logarithms of the factors. What we can show is that
every value of log(zw) is the sum of a value of log(z) and a value of log(w).
Suppose that z and w are nonzero. Let 8, be any argument of z, and 6,
any argument of w. Then

5= |Z|e(02+2n7r)i and w = |’w|€(9“’+2mﬂ—)i.

Then
(0,40 +2km)i
b

2w = |z||wle
while
log(z) + log(w) = In(|z|) + In(Jw]) + (8, + 04 + 2(n + m)7)i.

This means that for any choice of n and m, we can choose k = n + m to
obtain a value of log(zw) that is equal to log(z) + log(w).

19.5 Powers

In these problems, n denotes an arbitrary integer.

1.
I — (i) log(i) —_ (144)(n/2+2nm)i

= ¢~ (m/2+2nm) [cos (g + 2n7r) + isin (g + 2mr>}

— je—(7/2+2nm)
3.

il — ilogi) _ ili(n/2+2nm))
— e~ /24207
This is consistent with Problem 1, because i'** = 4i’.

5.

(_1 + i)—3i — e—3i10g(—1+i)

— e In(v/2)+i(3m /44-2n7)

= 9™/ [005(31In(V2)) + i sin(31In(v2))].
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7.
) 1/4
i1/4 _ (ez(fr/2+2n7r))
_ ei(Tr/8+n7r/2)’
the the four fourth roots obtained for n = 0,1,2,3. Other choices of n
repeat these roots.
9.
(_4)2—i — e(2—i) log(—4) _ e(2—i)(1n(4)+i(ﬂ'+2nﬂ'))
= 2 FT 207 605(In(4)) — i sin(In(4))].
11.

(716)1/4 _ (166i(7r+2n7r))1/4 — 9pi(n/44nT/2)

2fon(§0 ) 5 )
= COS 4 D) 18 4 9 .

We obtain the four fourth roots by taking n = 0,1,2,3. These fourth
roots are

V2(1+1),V2(=1+1),V2(-1 — i), V2(1 — i).
13. These are the sixth roots of unity:
11/6 — (e2nm') 1/6 _ eni/3
= cos(nm/3) + isin(nw/3).

These sixth roots are obtained for n = 0,1, 2, 3,4, 5, and are
1 1 . 1 L1 .
L 5(1 +V/30), 5(—1 +V/3i), -1, 5(—1 — V/3i), 5(1 — V/3i).

15. Let w be any nth root of 1 different from 1. The numbers w’, for j =
0,1,---,n — 1 are distinct, hence are all of the nth roots of 1. It is
therefore enough to show that

because w™ = 1.
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The conclusion can also be proved as follows. Let wq,--- ,w, be the nth
roots of unity. Let S =37 wj.

Now, one of the nth roots of unity is 1, but the other n — 1 roots are
different from 1. Pick one root that does not equal 1, say, possibly by
relabeling, wi # 1. The numbers

Wiy, Wiw2z, -+, Wiln,

are also nth roots of unity and are distinct, so this list includes all the nth
roots of unity. The sum of these numbers is therefore S:

n
S = E Wi, = wlS.
j=1

But then
S(l — wl) =0.

Because wy # 1, then S = 0.
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Chapter 20

Complex Integration

20.1 The Integral of a Complex Function

1. In this problem f(z) = 1 is differentiable for all z and we can write an
antiderivative F(z) = 2. The curve has initial point y(1) = 1 — 4 and
terminal point v(3) = 9 — 34, so

/f(x)dz:F(Q—?,i)—F(l—i):9—3i—(1—z’):8—2i.

We can also evaluate the integral by using the parametric equations of the
curve. On v, z = y(t) = t? —it, so dz = 2t — i and

[yf(z)dz:[ydz
:/13(2t—i)dt

3

:t2—it1:(9—3i)—(1—i)

=8 — 2i.

3. f(2) = Re(z) is not differentiable, so there is no antiderivative. There are
many ways to parametrize the curve. One is by setting

y@#) =1+ 1+t for0<t <1

269
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On -, f(2) =1+t and dz = (1 +14)dt, so

Lf(z)dz - /01(14—75)(1 +i)dt

1
:/(1+i+(1+z’)t)dt
0
1+z

=1+t +

:%(1—1—1‘).

5. F(z) = (z — 1)?/2 is an antiderivative of f(z), which is differentiable for

all z, so
. 13 .
/f F(l1—44)— F(?Z):—3+21.
7. f(z) is differentiable for all z and has antiderivative F(z) = — cos(2z)/2,
so
/ £(z) dz = F(—di) — F(—i)
.
1 ) ) 1
= —i(cos(—Sz) —cos(—21)) = —i[cosh(S) — cosh(2)].
9. f(z) is differentiable for all z and has antiderivative F'(z) = —isin(z), so

/f F(2+1i) — F(0) = —isin(2 + 1)

= —i[sin(2) cosh(1) + i cos(2) sinh(1)]
= —cos(2) sinh(1) — ¢sin(2) cosh(1).

11. Use the antiderivative F(z) = (z —i)*/4 to get

/f F(2 — 4i) — F(0) = 10 + 210i.

13. f(2) has no antiderivative because this function is not differentiable. Parametrize
the curve by y(t) = (—4 + 3i)t for 0 <t < 1. Then

1
/zEdz = / —i(4t — 3ti)(—4 + 37) dt
0% 0

= (—4 + 3i) (2 - 2¢> = %z
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15. f(2) = |2|? has no antiderivative, so write y(t) = (1 +i)t —i for 0 <t <1

to get

1
2
/ |z|? dz = / 2+ (t— 1)) (1 +i)dt = = (1 +1).
et 0 3
17. The length of 7 is v/5. Now we need a number M such that

1
— | <Monn.
[Tz] s ony

Notice that the point on v closest to z = —1 is 241, so for z on the curve,
|z 41 =]z —(=1)| > |2+ +1i] = V10.

Then
1 1

= < .
142 = V10
We can therefore use M = 1/4/10 to get the bound

/ 1 NG 1
‘ dz’ﬁ—:—.
L 1+z V10 V2

‘ 1
1+ 2

20.2 Cauchy’s Theorem

1. sin(z) is differentiable for all z, hence on an open set containing the curve
and all points enclosed by the curve. By Cauchy’s theorem,

j{ysin(z) dz = 0.

3. 7 encloses 2i, at which f(z) is not defined. Parametrize

y(t) = 2i + 2¢" for 0 < t < 2m.

7{ L dt—/% L 2iett dt
-2 T, @

. 2
= E/ e 2 dt = 0.
4 0

This integral happens to be zero, but we could not conclude this from
Cauchy’s theorem, which does not apply here.

Then

5. f(z) =7 is not differentiable. Write y(¢) = e for 0 <t < 27. Then

27 ) )
ffdz = / e~ et dt = 2mi.
¥ 0
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7. Because f(z) = ze® is differentiable on the curve and throughout the
region it encloses, then by Cauchy’s theorem,

%zez dz = 0.
~

9. f(2) = |2|? is not differentiable at any point other than 0, Cauchy’s theo-
rem does not apply. Write v(t) = 7et for 0 < t < 27 to obtain

21
7{|z|2dz :/ 49(7Tie™) dt = 0.
v 0

11. f(2) = Re(z) is not differentiable, so write v(t) = 2¢% for 0 < ¢t < 27.
Then

j{Re(z) dz = /OQW 2 cos(t)(2ie) dt

= /Qﬂ [4i cos?(t) — 4 cos(t) sin(t)] dt = 4ri.
0

20.3 Consequences of Cauchy’s Theorem

1. Because 2i is the center of the circle v, we can apply Cauchy’s integral
formula with f(z) = 2* to obtain

4
f{ ©dr = 2mif(2i) = 2mi(2i)* = 32mi.
ol

z—2i
3. Use Cauchy’s integral formula, with f(z) = 22 — 42 + i, to obtain

22 —dz+1
————dz =2mif(1 — 23
%Yz—l—i—% z mwif( i)

=2mi[(1 — 24)? — 4(1 — 24) + 4] = 2mi(—8 + Td)

= —147 — 16mi.
5. We can use the Cauchy integral formula for derivatives with n = 1 and
f(z) =ie*:
1e”
—————dz=2mif (2
ﬁ (z—2+1) A )

= 2mi(ie* ") = —2me?[cos(1) — isin(1)].

7. With f(z) = zsin(3z) and n = 2, Cauchy’s formula for derivatives gives
us

zsin(3z)  2mi ,,
f<+4> de= 1A

= mi[6 cos(12) — 36 sin(12)].
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7{ —(2(++>4)n<> 4z = ~2ri(2 4 1) (sin(:")

z=—4
= 2mi(1 — 2i) [42° cos(2*)]
= —5127(1 — 2i) cos(256).

=—4

11. Parametrize v(t) =3 —t + (1 — 6t)i for 0 < ¢ < 1. Then

/Re(z+4) dz = /01(7—t)(—1 — 6i) dt

13 13

=(-1-6i)— = —— — 39i.

( 03 5 i
13. First evaluate ;
e

7{ —dz
y Z
by Cauchy’s integral formula to obtain
eZ
/ — dz = 2mie® = 2mi.
v z z=0

Now evaluate this integral by parametrizing v(t) = e® for 0 <t < 2m:

e? 27 ecos(t)+isin(t)
j{ —dz= / ————iedt
v z 0 €

2m 2
= z/ M) cos(sin(t)) dt — / e®) sin(sin(t)) dt
0 0
= 2mi.

By equating the real parts of both sides of this equation, and then the
imaginary parts, we obtain

2m
/ M) cos(sin(t)) dt = 27
0

and )
/ e*®) sin(sin(t)) dt = 0.
0
The first integral is not obvious. The second could be done without com-

plex analysis by observing that the integral from 0 to 7 is the negative of
the integral from 7 to 2.
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Chapter 21

Series Representations of
Functions

21.1 Power Series

In each of Problems 1-6, the strategy is to take the limit of the magnitude of
the ratio of successive terms of the series. The series converges when this limit
(if it exists) is less than 1.

1. Take the limit of the magnitude of successive terms:

(n+2)/2n+L

1n+2
3| = -—— 37
nr 1)/ |z + 31 2n+1(z—|— i)

BN
—|Z 2.
2

The series converges (absolutely) if

1
— 3| <1
5=+ 3il

or

|z + 3i| < 2.

The power series has radius of convergence 2 and open disk of convergence
|z 4+ 3i| < 2, the open disk of radius 2 about the center —3i.

275
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3.
1 n+1 2 n+1
‘(TH S 2T g
n"/(n+ 1)»
(ﬂ+ 1)2n+1 )
=———|2—1+43
n"(n+2)n+l|z + 3
1 n 1 n+1
= <“+ ) <“+ ) |z — 1+ 3|
n n+2
IN"(14+1/n\" (1+1
=(1+= +1/n 1/ |z — 14 3i
n 1+2/n 1+2/n
and the limit of this quantity is less than 1 if |z — 1 + 37| < 1. The radius
of convergence is 1 and the disk of convergence is the open disk of radius
1 centered at 1 — 3i.
In this limit, we have used (several times) the fact that
n
lim (1 + E) =e”.
n— o0 n
5.

Z'n+1 /2n+2

) 1 ,

This ratio has limit < 1 if |z 4 8i] < 2. The power series has radius of
convergence 2 and the open disk of convergence is the open disk of radius
2 centered at —8i.

7. No. The power series has center 2i. If the series converges at 0, it must
also converge at the point ¢ that is closer to the center 2 than 0 is.

In each of Problems 9-14, we attempt to use known series to derive the
requested series.

9. Assuming that we know the series for cos(z):

n

— (-1
cos(z) = Z ((Qngl 22",
n=0

This converges for all z. Replace z with 2z to obtain

1 n22n

S (_ ) 2n
cos(2z) = T;) Wz .

In writing these series, be careful with factorials. For example, in general
(2n)! # 2nl.
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11. This is just a rearrangement of the given polynomial into powers of z—2+1i.
This can be done algebraically, or we can write the Maclaurin series of this
polynomial about 2 — 4. This series will be

f(2) =22 =324+i=co+eci(z—2414) + 20(2 — 2 +1)%,

where
c=f2-i)=-3a=f(2-i)=1-2i

and

The expansion of f(z) about 2 —1 is
22 —324i=-34+(1-2i)(z—2+19)+ (z —2+i)%

13. Like Problem 11, this can be done as an algebraic rearrangement of terms
in f(z) = (2—9)?, or as a power series about 1+, which will be in powers
of z — i — 4. Using the latter approach, compute the coefficients

co=f(14+1i)=63—16i,c; = f'(1+1i) =16+ 2i

and )
Cy = if//(l —+ ’L) = 1

Then
(z—9)2 =63 —16i + (=16 +2i)(z — 1 — i) + (2 — 1 —0)%.

15. We know that f(0) =1, f’(0) =4, and f”(z) = 2f(z) + 1. Compute

£7(0) = 2f(0) +1 = 3,
f3(0) 217(0) = 24,

W(0) =21"(0) =6,

©)(0) = 2f3)(0) = 4i.

Now use Taylor’s formula for the coefficients (in this case, about 0,

1
= £(n)
to write the first six terms of the expansion:

) 3 2i 6 , 4i s
+2z+2z —|—§z +EZ +§Z

In this problem it is not difficult to write the entire Maclaurin expansion,
because an inductive argument shows that

FCM(0) =27+ 27" and f"H(0) = 2"
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17. Let z be a complex number and consider the integral

n
1 _E g
2mi J., nlwntt '

Here v is the unit circle about the origin, oriented counterclockwise as
usual. Expand e** in its Maclaurin series and parametrize (t) = e for
0 <t < to write

n
_ 2w, b Z
- nlwntl 2mi n'w"+1

1 n+kwk—n—1
= omi Z ST
v zo Kl

2w 00 Zn+ki(k7n71)t

nlklie® dt

e
0 k=0

1
211
oo 27 n
N SR T
k=0

2 .
/ ei(k—n)t dt = 0 lf k 7é n,
0 2 if k=n.

1 n n\2
—]{72 ezwdw:(z ) .

Now,

We therefore have

2mi J., nlwntt (n!)2
Finally, we can write
oo o0
1 1 2"
g 222" = E e dw
(n 27i nlwnt
n=0 n=0

2w 0 n )
_ 1 z 2eit it
= — — € e dt
2mi J, nlei(nt+1)t
n=0

1 27 [i (ze—z‘t)n] I
0

n!

27 =
2

— i T ezefitezeit dt
2 0
1 2 it —it

= — ez(e +e )dt
27T 0
1 27

- eQz cos(t) dt.
27T 0
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19. f(2) has a zero of order 4 at 0 because z2 has a zero of order 2 at 0 and
sin?(z) also has a zero of 2 there (because sin(z) has a zero of order 1 at
0).

21. f(z) has a zero of order 3 at 37/2 because cos(z) has a simple zero there.

23. f(z) is not defined at z = 0, so we cannot really speak of it having a
zero there. However, notice something interesting. Using the Maclaurin
expansion of sin(z), with z% in place of z, and divided by 22, we can write

1 sin(2%) = i ﬂz&zﬂ_
22 — (2n+1)!

This power series converges for all z, and has the value 0 at 0. We can
therefore extend f(z) by giving it the value 0 at z = 0, and obtain a
differentiable function. This extended function has a zero of order 2 at 0.

25. Compute the kth derivative of f(z) at zo using each series, obtaining

FFz0) =Y an(m)(n—1) - (n—k +1)(z — )" "
n=0

=Y bu(n)(n— 1) (n — k+ 1)(z — 20)" .
n=0

Then
fE(z0) = Klag, = kb,

so for each £k =0,1,2,---,

1
ap = Hf(k)(zo) = by.

21.2 The Laurent Expansion

Problems 1-10 are solved using manipulations of known series, such as geomet-
ric series and power series for exponential and trigonometric functions. It is
sometimes best, in seeking an expansion about zg, to focus on getting an ex-
pression involving powers of z — z(, using algebraic manipulations, or sometimes
integration and differentiation.

In particular, it is useful to know the geometric series

1 oo
l—r:nz:%r

and

1 o0
= E (_1)77.7,,%7
1+7r =

for |r| < 1.
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1. We want an expansion in powers of z — i. To this end, begin with

2z 1 1

- 4 .
1422 z2—4 2414

The first term is already an expansion in powers of z — i (having only one
term). For the second term, write

1 1 B 1
z4i o 2+ (z—1)  2i(1—

w20 ()
— nz:% ((2;)2; (z — i)™

This expansion is valid for

)

Z—1 1
S| =gl i<
or
|z — 1] < 2.
The Laurent expansion of f(z) about i is therefore
2 —1 +Z (Qi)n+1(z_z) :

n=0

This represents f(z) in the annulus 0 < |z —i| < 2.

3. If z # 0, then

o0 n

)L s G|

n=0

22
ST
—  (2n)!

5. The denominator is already in terms of z — 1, so concentrate on the nu-
merator:

22 ((zfl)+1)2771+2(zfl)+(zfl)2

1—=2 1—=2 z—1
LI SR
= — —2—(z—1).
z—1

This represents the function for 0 < |z — 1| < oo, the complex plane with
1 removed.

© 2018 Cengage Learning. All Rights reserved. May not be scanned, copied or duplicated, or posted to a publicly accessible website, in whole or in part.



21.2. THE LAURENT EXPANSION 281

7. Use the exponential series to obtain
oo oo
n=0 n=0
for 0 < |z| < o0.
9. The denominator is already a power of z — i, so we can write
z4+i 2+ (z2—1) 2i

- - 1+ -
z—1 z—1 z—1

for 0 < |z —i| < o0.

11. By Cauchy’s integral formula, for any z enclosed by I'y,

1 fw)
>—2m-y§1w_zdw-

Because I's does not enclose z,

1 7f(w) dw =20

2wt Jp, w— 2

by Cauchy’s theorem. The factor of 1/27i was included in the last equation
so we can add these two integrals to get

Fe) = 5 M T gy 3 j;(f”ldw]

Orientation on both curves is counterclockwise. In this sum of integrals,
L1 and Ly are traversed in both directions, so the integrals over these
segments are zero. The integrals in square brackets therefore give us the
integrals over 1 and 79, but counterclockwise on 7 and clockwise on ~s.
Reversing this orientation on 7; so that all integrals are over counterclock-
wise curves, we have

=2 [ 2L f 0]

71

Now manipulate the 1/(w — z) factor in each integral to derive the result
we want. For the integral over v,, write

1 1
w—z w—2z— (2 —20)

1 1
w—2p1—(z—20)/(w—wo)

1 i(z—z())n
w—Zon_O w — 2o

1 n
:Z _Z0n+1( —ZO).

n*O
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This geometric expansion is valid because, for w on s,

w — 2o

‘<1.
zZ— 20

For the integral over 71, use the fact that, for w on this curve,

w — 2o

<1
zZ— 20

Now we have

1 1
w—2z w—2z9— (22— 20)
-1 1
z—z01— (w—20)/(z — 20)

1 > w — 2o
Z_ZOZ(Z_ZQ>

n=0
o0 N 1
= — nzz:o(w - Zo) 7(2 — Zo)""‘l .

Substitute these expressions into the sum of integrals representing f(z)
and interchange the integrals with the summation to obtain

1 Nt w

n=0
rf (i flw)(w - )" dw) ()"
-3 (o, @l o) oo
+ ni; (217” a f(w)(w = z)" dw) W

Finally, use the deformation theorem to replace these integrals over ; and
v with integrals over I', which is any simple closed path in the annulus
and enclosing zg. This gives us

o0

f)= 3 eulz—z0)",

n=—oo

with the integral expressions given for the coefficients c¢,,.
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Chapter 22

Singularities and the
Residue Theorem

22.1 Singularities
1. cos(z)/z has one singularity, a double pole at z = 0.
3. e'/#(z + 2i) has an essential singularity at 0.

5. The function has a double pole at 1 and simple poles at ¢ and —i.

7. Write
zZ—1 z—1 - 1

2+1 (z4+i)(z—1i) z+1i

so the function has a simple pole at —i.

9. The denominator has simple zeros at 1,—1,7, —¢ and these are simple
poles of the function because the numerator does not vanish at any of
these numbers.

11. sec(z) = 1/ cos(z) has simple poles at the zeros of cos(z), which are the
simple zeros (2n + 1)7/2 with n any integer.

13. Suppose f is differentiable at zg and f(z¢) # 0, while g has a pole of order
m at zgp. We want to show that the product fg has a pole of order m at
Z0-

Because g has a pole of order m at 2y, the Laurent expansion in some
annulus about zy has the form

o0

g(Z) (Z—ZO + Z 2720

n=—m-+1

283
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with k& # 0. Then

o0

(z—20)"g(z) =k + Z en(z — 29)" M.

n=—m-+1

If we denote the power series on the right as h(z), then
(z = 20)"g(2) = h(2),

where h(zg) = k # 0. Further, in some annulus about zp,

f(2)h(z)

(z — 20)™"

f(2)9(z) =

Because f(z9)h(z0) # 0, f(2)g(z) has a pole of order m at 2.

22.2 The Residue Theorem

1. The function has simple poles at 1 and —2i, both enclosed by . Keep in
mind that only singularities enclosed by the curve are relevant in evaluat-
ing the integral by the residue theorem.

Compute
Cod (1422
Res(f, 1) = lim 7~ <z+2i>
- _ 2
— lim (z + 2i)(22) ‘ (14 2%)
z—1 (z+2i)?
Rt
S -3+ 40
and
. . 14 22 -3
Res(f, =2i) = lim (z—1)2  —3+4i
Then
14 22 49 3
T gy =2nmi - = 2ri.
7£(z—1)2(z+2i) ? m[—3+4¢ 34

3. The only singularity of e*/z is a simple pole at 0, and this is not enclosed

by 7, so
fidzzo
y 2

by Cauchy’s theorem.
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5. The function has simple poles at v/6i and —v/6i, both enclosed by ~. Then
]{ cr dz = 2mi [Res(G, V6i) + Res(f, f\/éz)}
~

2246
V6+1 V6—1 .
+ = 2m1.
26 26

= 2m

7. z/sinh?(z) has a simple pole at 0 and double poles at nrwi, for every
nonzero integer n. The only singularity enclosed by ~ is 0, so

}{ () dz = 2xiRes(f,0).

Compute this residue as

Res(f,0) = ll_% zf(z) = lim (22)

z=0 \ sinh?(z)
. 22
g P e
1

=1.

im ——
2%01+%z2+~-~
Then
z .
% TV dZ = 2777,.
~ sinh*(z)

9. f(2) has simple poles at ,3i and —3i. Only the pole at —3i is enclosed
by the curve, so

7{ m dz = 2mwiRes(f, —31)
.

1z 1 i
T . a——y VY (- L
AN 30 (2 — ) m( 8) 4

11. f(z) has only one singularity, a simple pole at —44, and this is outside the
region bounded by the curve. By Cauchy’s theorem,

8z—4i+1
~ z+4i

13. The singularities of coth(z) = cosh(z)/sinh(h) are the zeros of sinh(z).
This means that coth(z) has simple poles at nmi, with n any integer.
Only the simple pole at 0 is enclosed by the curve, so

B _,_.cosh(0) _ .
]gcoth(z) dz = Res(f,0) = 2mi cosh(0) — 2mi
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15. 0 and 4i are simple poles of f(z) and both are enclosed by =, so

% (621) dz = 2mi [Res(f, 0) + Res(f, 41)]
L 2(z—4i

:f[

5 cos(8) — 1 + isin(8)].

17. zp is a zero of order 2 of h(z), but g(z9) # 0. We want to show that

) 2gl0h ()
Res(g/h, z0) = h”(Z(())) ) (2”(2’0))20

To do this, first write
h(z) = (2 = 20)¢(2),

with ¢(zg) # 0. Then

Res(g/h, z0) = lim 4 ((z - Zo)zg(z)>

z—z0 dz h(z)
. d 2 (Z)
= lm 2> ((z ~70)7(2) (2 —ig)zgo(z))

-1 7 (59)

_ ©(20)9' (20) — @l(zo)g(zo).

(¢(20))?
Now,
W(2) = 2(z = 20)p(2) + (2 = 20)*¢' (2).
'(2) = 20(2) + 4(z — 20)¢'(2) + (2 — 20)%¢" (),
and
W (z20) = 6¢'(2) + 6(2 — 20)9" (2) + (2 — 20)°0®) (2).
Then

1 1
©(z0) = Qh”(zo) and ¢ (z) = 6h(S)(ZO)_

Substituting these into the expression for the residue, we have

29'(20) 2 g(20)h®(20)

Res(g/h, z0) = W) 3 (%))
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19. By the residue theorem, with g(z) = z/(2 + 2?),
j{ — i =2mi [Res(g, V2i) 4 Res(g, f\@z)]
8!

2 4 22
V2 N —V/2i
22 =22

=27

= 27m1.
To use the argument principle, write

f(z) 1 2z
f(z) 22422

with f(z) = 2+ 2%2. Then f’/f = 2g. Now f(z) has two simple zeros
enclosed by ~, and no poles, so Z =2, P =0, and

1 2
§oiae=tf 20
2+ 2 2 1+

1 . .
= 5(27T'L)(Z — P) = 271.

9(2) =

21. g(2) = (2 +1)/(22 + 22 + 4) has simple poles at —1 4 /3¢ enclosed by 7.
By the residue theorem

z+1 )
%\/ m dZ = 27TZ [Res(g, _1 — \/g) + ReS(g» _]. —+ \/g)i|

1—1—+/3i N —1+V3i+1
2(—=1—V3i)+2  2(—14/3i)+2

1 1
To use the argument principle, write

z+1 1 /(»)
2422+4 2 f(2)

= 2mt

where f(2) = 22422 +4. f(z) has z = 2 zeros enclosed by v and no poles
(P =0), so

2242
—  dz=mi(Z — P) = 2ms.
]’{Z2+22+4 z = mi( ) T

22.3 Evaluation of Real Integrals

1. With z = €%,
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SO

o 1 1
—df = —d
/0 2 — cos(0) 7{ %(z +1/z2) iz ‘

2 —
22]{
sz 4z—|—1

The integrand has simple poles at z; = 2 — /3 and 2z, = 2+ v/3. Only 2
is enclosed by ~, and

1 1
Res(f,2 —V3) = =—
f ) 22 —-3) -4 2V/3
Then )
4 1 -1 27
——— df = 2i(2mi
/0 2 — cos(f) ( )2\f V3
3. f(2) = 1/(1 + 2%) has simple poles in the upper half-plane at z; = 1,
2z = (V3 + )/2 and z3 = (—v/3 4+ i)/2. The residues of f(z) at these
poles are
1 1
Res(f,zj) = 67 el
S0
o 1 1 2
/;oomdl':Qﬂ"L |:6(Zl +22+Z3):| = ?
Then
/oo 1 T
0 1 + .')3'6 3
5. Let
flo = 2
i+ 16

f has simple poles in the upper half-plane at z; = (1 +4)/v/2 and 2z, =
(—1414)/+v/2. Compute the residues:

e2V2i(—1+i) 2f( 1—14)

Res(f,z1) = ST and Res(f,z2) = —1e
to obtain
°° xsin(2x) fe2V2 e2V2i _ o—2V2i
_ =1Im |2
/_Oox4+16dx m[“( 8 2%
—2v2
=T sin(2v/2).
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7. First use the identity

cos?(z) = %(1 + cos(2zx))

to write
/°° cos?(x) B 1/00 1+ cos(2x)
P ERE N N RS
Let
1 +€2iz
IO= Gy

Then f has a pole of order 2 in the upper half-plane at 2i. Compute

Res(f,2¢) = lim < {

1 + e2i= 1+ e~ 1
25521 dx '

(z+2i)2] 32
Then

< cos?(z) 1 1+5e7!
M) e = Re |2mi [ —28
[ i [”( 32i ﬂ

T
=—(1 4.
32( +5e™ %)

9. Let f(z) = 22/(2%2 4+ 4). The only singularity of f in the upper half-plane
is 24, which is a double pole. Compute

Res(f, 2i) = lim - [22] _ L

z—2i dz | (2 + 2i)? 8
Then
o x? i ™
———dr=2mi|—= | = —.
/_oo @+ T ( 8) |
11. Let
eiaz
1&) =z
The only singularity f has in the upper half-plane is a simple pole at 1.
Compute
e~
Res(f,i) = —.
eb(f7 Z) 2Z
Then

cos(a) dr = 2mi e—, = me %
oo 241 2i
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13. Begin with

2m
[ L,
o a?cos?(0) + B2sin*(0)

B 1 L,
- f/; a2(z+ 1/2)2/4— B2(z — 1/2)2/d iz~

4 z
T @ e e )

Singularities of the integrand satisfy

s B« s B«

z or z- =

 Bta B+a’
Because o and S are positive,
5fa‘ p+a
<1and ’ ’ > 1.
8+« 08—«

The simple poles enclosed by the unit circle are the square roots z; and zo
of (B—a)/(B+ ). The residue of the integrand at each of these poles can
be computed using Corollary 22.1. Omitting the arithmetic, we obtain

1
Res(f, Z]) = @
for j =1,2. Then

27
1 4 2 2
df = - (2mi)— = —.
/0 a2 cos2(0) + £2sin?(0) { ( )8045 af
15. Let I" be the given rectangular path. The four sides are:

Flizit,ngtSR,
I's:z2=R+it,0<t < p,
T3:2=t+iB,~R<t<R,
Ty:z=—-R+it,0<t<B.

These are, respectively, the lower side, right side, top side and left side of

the rectangle. In carrying out the integrations, limits of integration must
be consistent with counterclockwise orientation of I'.

Because e~*" is differentiable for all z, then by Cauchy’s theorem,

4
7{ e dy = 0= Z/ e~ da.
r j=1"T

Evaluate each of the four integrals in the sum on the right as follows.
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2 R 2
e % dz= e " dt,
I —R
2 B 2 .42
/ e~ % dz :/ 67(7‘ +2Rti—t )’Ldt
Iy 0

2 6 2
=ie ? / e'"[cos(2Rt) — isin(2Rt)] dt,
0

R
/ e dz = / e~ (1PH204=5%) gy
s -R

2 R 2
=’ / e " [cos(2p8t) — isin(26t)] dt,

-R

0
/efZde:/ e~ (R*-2Rti—t%); gy
Ty B

2 6 2
=je ! / [e!" [~ cos(2/t) — isin(2/t)] dt.
0

and

Now let R — oco. The terms having a factor of e R go to zero in the

limit, and upon adding these integrals over the sides of the rectangle, we
obtain, using x as the variable of integration on the line,

/ e dy—e P / [cos(2Bx) — isin(2Px)] dx = 0.
Now, e~ sin(28x) is an odd function on the real line, so

/ e sin(2f8z) dz = 0.

— 00

We are therefore lift with

662/ cos(2ﬁx)da::/ e da.

— 00 — 00

Finally, use the known result that
o 2
/ e dr =+
— 00
to conclude that

/ e~ cos(2Bz) dz = v/re .
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Finally, because e’ cos(2fBx) is an even function on the real line, then

/ e cos(2fz) dx = geﬁﬁ.
0

17. First observe that, because the integrand is an even function,
/ :Usin(owi) dr — 7/ xs:n(ai) de
0 T +6 2 —00 ¥ +ﬁ

[1e%-1

ze
2'4 + 64

has simple poles in the upper half-plane at z; = Be’™/4 and z, = Se3™/4.
Compute the residues of f at these poles:

Now,

f(z) =

etz :| ezaﬁzk
z=z

423 422

Res(f.2) = |

In particular,

in/4 3in/4

1.
and Res(f,22) = elabe

1 iafe
ReS(f, Zl) = —5-€ p TBZL

4325
Then

*° zsin(ax) 1 27i [ NV iaB(—144)/v3) 1
de = =1 ant ( wafB(14+4)/vV2 _ iaB(—1+41)/ 2) -
A 73]}4 n 54 X B m |:4ﬁ2 & & i

re—B/V2 . af
= 7252 Sin <\/§> .
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Chapter 23

Conformal Mappings and
Applications

23.1 Conformal Mappings

For Problems 1-3, the image of the given rectangle is given as a graph for each
part of the problem.

1. (a) The rectangle defined by 0 < z < 7,0 < y < 7 maps to the sector
1<r<e™,0<6<m.

See Figure 23.1.
(b) This rectangle maps to the sector

1 <r< T <fg< T
~<r<e—= —.
e~ — 7 27 72
See Figure 23.2.
(¢) The rectangle maps to the sector
1§r§e,0§9§%.

See Figure 23.3.
(d) The rectangle maps to the sector

e<r<er0<6<m.
See Figure 23.4.

(e) The rectangle maps to the sector

1
*STS@Z,_
e

ol
o] N

See Figure 23.5.

293
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T T T
=20 -15  -10 -5 0 5 10 15 20

Figure 23.1: Image of the rectangle 0 < x < 7,0 < y < 7 under w = €e*.

Figure 23.2: Tmage of —1 <2 <1,—7/2 <y < 7/2.
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T T T T T T T
0.75 1 1.25 1.50 1.75 2 225 250

Figure 23.3: Image of the rectangle 0 < 2 < 1,0 <y < 7/4.

Figure 23.4: Image of the rectangle 1 <z <2,0<y <.
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Figure 23.5: Image of the rectangle —1 <2 <2, —7/2 <y < 7/2.

3. For the images of the given rectangles of parts (a) through (e), see Figures
23.6-23.10, respectively.

5. The analysis proceeds like that of Problem 4. Let z = re®. If 7/6 <
0 < m/3, then 7/2 < 30 < 7, so image points under this mapping lie in
the second quadrant. It is routine to verify that this mapping is onto the
second quadrant.

7. Using some of the analysis from Problem 6, a half-line § = k maps to
points u + iv with

u= % <r + i) cos(k),v = % (7’ - i) sin(k).

If sin(k) # 0 and cos(k) # 0, then a little algebraic manipulation shows

that

u? v?

cos2(k)  sin’(k)
This is the equation of a hyperbola with foci (£c¢,0), where

¢ = cos®(k) +sin(k) = 1.

=1

Finally, the cases cos(k) = 0 and sin(k) = 0 must be considered separately.
If cos(k) = 0, then k = (2n+ 1)7/2. Now v = 0 and —o0 < v < 00, so the
image is the imaginary axis in the z—plane.
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Figure 23.6: Image of the rectangle 0 < z < 7/2,0 <y < 7/2.

Figure 23.7: Image of the rectangle 7/4 <z < 7,0 <y < 7/2.
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24
1.75 1
1.50

1.25

14
0.75 1
0.50 1
0.25

Figure 23.8: Image of the rectangle 0 < x < 1,0 <y < 7/6.

Figure 23.9: Image of the rectangle 7/2 <z < 37,0 <y < 7/2.
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-6-

Figure 23.10: Image of the rectangle 1 <z <2,1 <y < 2.

If sin(k) = 0, then k = nr with n an integer. Now v = 0 and

u= % <r+ i) (=™

This is the half-interval u > 1 on the real axis in the w—plane if n is even,
and v < —1 if n is odd.

9. Write
w =222 = 2(x + iy)? = 2(x? — y?) + dizy = u + iv.

Then vertical line = 0 maps to u = —2y%,v = 0, so the image is the
negative u— axis. Other vertical lines x = a # 0 map onto parabolas

2

=2a° — —.
u @ =5
The horizontal line y = 0 maps to u = 2y?> > 0, the positive u—axis.
Other horizontal lines y = b # 0 map onto the parabolas

’U2

_ 2

Figure 23.11 shows the image of the rectangle 0 < z < 3/2, —3/2 <y <
3/2.
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-20 4

Figure 23.11: Image of the rectangle in Problem 9 with o = 2.

11. If Re(z) = —4, then (2 +%)/2 = —4, 50 2+ Z = —8. Now, w = 2i/z, so
z = 2i/w, so
2t 2
z+Z2=———==-8.
wow

Multiply this by ww and rearrange terms to obtain
Sww — 2i(w —w) = 0.
Now put w = u + iv to get
2(u® +v?) +v =0,

u? + v—i—l 2—1
4) 4

This is the equation of a circle of radius 1/2 centered at (0,—1/4) in the
w— plane. This is the image of the line x = —4 under the given mapping.

or

13. From the mapping, solve for z:
-1
w1

Substitute this into the given line to obtain

1 -1 1 1 -1 1
= P— - “F*. .“!‘7 - =1.
2\w+1t w—1 2 \w+1t wW—1
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Multiply this equation by 2i(w + 7)(w — i) and rearrange terms, putting
w = u + v to obtain

4(u* + )+ To+u=3.

Complete the square to write this as

1 2 (o7 2

u+ = v -] ==

8 8 32

This is a circle of radius 1/2v/2 and center (—1/8, —7/8), and is the image
of the given line.

15. Invert the mapping to obtain

_ Stiaw
C2—w’
Then
=7 = 2Re(s) = 2Re (3
2—u—1v
_2((5—v)(2 —u) —uw)
N (u—2)2+02
20— 4v —10u
 (u—2)2 4027
Next,
1 _ 2—uwu+ (5b—v)
Sy =1 —
2i (z=2) = Im(z) (u—2)2+0v2
Substitute these into the equation of the given line and clear fractions to
obtain
19\? 377
—1)? =) =22
(u—1)+ (v +2 ) 16

This is the equation of a circle with radius +/377/4 and having center
(1,-19/4).

17. Substitute the given values into equation (23.1) to obtain
1I-w)(1Q+29)(-1)B—-2)=1-2)(1)A+9)(1 —i—w).

Solve for w to obtain

(1+4i)z — (34 8i)
(24 3i)z — (4+T7i)

w =
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19. Here w3 = 0o so use equation (23.2), obtaining
(I+i—w)(1—=20)(4—2)=(1—2)(—2+2)(4 — 20).
Then
(33 +1i)z — (48 + 164)
5(z —4) '

21. Using equation (23.1), we find that
(3+22i) +4 — 75
(2+3i) — (21 — 4i)’

23. If we require that a conformal mapping be differentiable, then immediately
T(z) = z is disqualified. But it is also easy to see directly that this
mapping reverses orientation. For example, let C; be the nonnegative real
axis and C9 the nonnegative imaginary axis. The sense of rotation from
C to Cy is counterclockwise. But T maps C; to itself and C5 to the
negative imaginary axis, reversing the orientation to clockwise. Therefore
T is not conformal.

25. Let
az+b

cz+d

By the argument of Problem 24, if T is not a translation or the identity
mapping, then T' can have at most two fixed points. Therefore, if T has
three fixed points, then T is either a translation or the identity map. But
a translation has no fixed point, so in this case T" must be the identity
map.

T(z) =

27. Given 29, 23, 24, let P be the unique bilinear transformation that maps
zo — 1,23 — 0,24 — 0.
Then by definition of the cross ratio,
P(z1) = |21, 22, 23, 24].
Now let T be any bilinear transformation. Then
[T(21),T(22), T(23), T(24)] = R(T(21)),
where R is the unique bilinear transformation that maps
T(z2) = 1,T(z3) = 0,T(24) = 0.
Then RoT = P. Then
[T(21), T(22), T(28), T(20)] = R(T(21))
= P(z1) = [21, 22, 23, 24]-

29. In the definition of cross ratio, wa, ws and wy all lie on an (extended)
line, the real axis. Because bilinear transformations map lines/circles to
lines/circles, then [z1, 22, 23, 24] is real exactly when z1, 23, 23, 24] all lie on
the same line or circle.
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23.2 Construction of Conformal Mappings

If a conformal mapping is requested between two domains, there will in gen-
eral be many different possible mappings. In each of the solutions below, one
mapping is found, but other approaches may yield other suitable mappings.

1. Both domains are open disks, having radii 3 and 6, and different centers,
0 and 1 — 4, respectively. We can map |z| < 3 ont |w — 1+ 4| < 6 by using
a scaling factor of 2 and a translation to superimpose the center of the
initial domain onto the center of the image domain. Thus compose

z—=2z—=2z+1—1.
One mapping that does what we want is
w=2z4+1—1.

Now
|lw—14+14=2]z| =2(3) =6

if |z| = 3.

3. We will need an inversion at some stage because we are mapping the
interior of a disk to the exterior of another disk. First translate by w; =
z + 21, so the image disk in the w—plane has the origin as its center. Next
invert by
1

z+ 27

wo =

Next scale by a factor of 2 to match the radii of the bounding circles:

2
B Y
Finally, translate to have center 2:
43 2 32+24+61
Wa = W= = — = —-—-—-
T Z+2i Z+2i

5. We can map the line Re(z) = 0 to the circle by |w| = 4 by a bilinear
transformation. The domain Re(z) < 0 consists of numbers to the left of
the imaginary axis, which is the boundary of this domain. Choose three
points on this axis, ordered upward so the region Re(z) < 0 is on the
left as we walk up the line. Next choose three points on the image circle
|w| = 4, counterclockwise so the interior of the circle is on the left as we
walk counterclockwise around the circle. Convenient choices are

21 = —i,20 = 0,23 =i and wy; = —4i,wy = 4, w3 = —4i.
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Using equation (23.1), we find the bilinear transformation mapping z; —

v w:T(z):4sz>.

As a check, z = —1, which has negative real part, maps to 0, interior to
the disk |w| < 4. Thus T maps Re(z) < 1 to |w| < 4, rather than to the
exterior |w| > 4.

7. Because the boundary of the wedge in the w—plane is not a circle or line,
a bilinear transformation will not work here. However, wedges suggest
polar representations. Let z = re for 0 < @ < 7. These are points in the
upper half-plane. Let

w = 21/3 — Tl/BezG/B — ,06“’0.

Here p > 0 and 0 < ¢ < /3. This mapping is conformal because

d'lU 1 72/3
o7 0
dz 3 : 7
for z in the upper half-plane, and the mapping takes the open upper half-
plane onto the open wedge 0 < 6 < 7/2.
9. The solution of this problem requires some familiarity with the gamma
and beta functions.

To show that f maps the upper half-plane onto the given rectangle, we
will evaluate the function at —1,0,1 and oo and then show that these are
the vertices of that rectangle.

First, it is obvious that f(0) = 0. Next,
1
f1) =2 [ (@ -1 e
0
11 _ ¢2y-1/2
0 1
1
=2 / (1- €)1 2 de.
0
Let £ = u'/? to obtain

fa) = /01(1 — U)’l/Qu*3/4 du

b - O

in which B(x,y) is the beta function and I'(x) is the gamma function.
Next, write

1
f(-1) = 2i /0 (€2 1) 1/261/2 g
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Let £ = —u to obtain

1
f(=1) = 22’/ (1—u2)~ V2412 gy
0

Finally,
f(oo) o /oo(£+ 1)71/2(5 _ 1)71/2&-71/2 dg
01
= 2@/ (é’ + 1)—1/2(5 _ 1)—1/25—1/2 dé—
0
Lo /oo(£+ 1)_1/2(5 _ 1)_1/25_1/2 de.
1

The first integral in the last line of the last equation is B(1/4,1/2). In
the second integral, put & = 1/u to get

N R AN B A A |
e (52 () ()

1
=c+ 22’/ (1—u®) V20 Y2 du = (1 +i)u.
0
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